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Abstract
The quantum gravity is formulated based on principle of local gauge in-
variance. The model discussed in this paper has local gravitational gauge
symmetry and gravitational field appears as gauge field. The problems on






Gravity is an ancient topic in science. In ancient times, human has known the
existence of weight. Now we know that it is the gravity between an object and
earth. In 1686, Isaac Newton published his epoch-making book MATHEMATICAL
PRINCIPLES OF NATURAL PHILOSOPHY. In this book, through studying the
moving of plant in solar system, he found that the gravity obeys the inverse square
law[1]. The Newton’s classical theory on gravity kept unchanged until 1916. At that
year, Einstein published his epoch-making paper on General Relativity[2, 3]. In this
great work, he founded a relativistic theory on gravity, which is based on principle
of general relativity and equivalence principle. Newton’s classical theory for gravity
appears as a classical limit of the general relativity.
One of the biggest revolution in human kind in the last century is the foundation
of quantum theory. The quantum hypothesis was rst introduced into physics by
Max Plank in 1900. Inspired by his quantum hypothesis, Albert Einstein used it
to explain the photoelectric eect successfully and Niels Bohr used it to explain the
position of spectral lines of Hydrogen. In 1923, Louis de Broglie proposed the princi-
ple of wave-particle duality. In the years 1925-1926, Werner Heisenberg, Max Born,
Pascual Jordan and Wolfgang Pauli develop matrix mechanics, and in 1926, Erwin
Schroedinger develop wave mechanics. Soon after, relativistic quantum mechanics
and quantum eld theory were proposed by P.A.M.Dirac, Oskar Klein, Walter Gor-
dan and others. In 1954, Yang and Mills proposed non-Abel gauge eld theory[4].
This theory was soon applied to elementary particle physics. Unied electroweak
theory[5, 6, 7] and quantum chromodynamics are all based on gauge eld theory.
The predictions of unied electroweak theory have been conrmed in a large number
of experiments, and the intermediate gauge bosons W and Z0 which are predicted
by unied electroweak model are also found in experiments. The U(1) part of the
unied electroweak model, quantum electrodynamics, now become one of the most
accurate and best-tested theories of modern physics. All these achievements of
gauge eld theories suggest that gauge eld theories are fundamental theories that
describe fundamental interactions. Now, it is generally believed that four kinds of
fundamental interactions in Nature are all gauge interactions and they can be de-
scribed by gauge eld theory. From theoretical point of view, the principle of local
gauge invariance plays a fundamental role in particle’s interaction theory.
In 1916, Albert Einstein points out that quantum eects must lead to modica-
tions in the theory of general relativity[8]. Soon after the foundation of the quantum
mechanics, physicists try to found a theory that could describe the quantum behav-
ior of the full gravitational eld. In the 70 years attempts, physicists have found two
theories based on quantum mechanics that attempt to unify general relativity and
2
quantum mechanics, one is canonical quantum gravity and another is superstring
theory. But for quantum eld theory, there are dierent kinds of mathematical
innities that naturally occur in quantum descriptions of elds. These innities
should be removed by the technique of perturbative renormalization. However, the
perturbative renormalization does not work for the quantization of Einstein’s theory
of gravity, especially in canonical quantum gravity. In superstring theory, in order
to make perturbative renormalization to work, physicists had to introduce six extra
dimensions. But up to now, none of the extra dimensions have been observed. To
found a consistent theory that can unify general relativity and quantum mechanics
is a long dream for physicists.
The "relativity revolution" and the "quantum revolution" are among the greatest
successes of twentieth century physics, yet two theories appears to be fundamentally
incompatible. General relativity remains a purely classical theory which describes
the geometry of space and time as smooth and continuous, on the contrary, quan-
tum mechanics divides everything into discrete quanta. The underlying theoretical
incompatibility between two theories arises from the way that they treat the geom-
etry of space and time. This situation makes some physicists still wonder whether
quantum theory is a truly fundamental theory of Nature, or just a convenient de-
scription of some aspects of the microscopic world. Some physicists even consider
the twentieth century as the century of the incomplete revolution.
I will not talk too much on the history of quantum gravity and the incompati-
bilities between quantum mechanics and general relativity here. Materials on these
subject can be widely found in literatures, especially in papers that celebrate 100
years of quantum theory. Now we want to ask that, except for traditional canonical
quantum gravity and superstring theory, whether exists another approach to set
up a fundamental theory, in which general relativity and quantum mechanics are
compatible.
As we have mentioned above, gauge eld theories provide a fundamental tool to
study fundamental interactions. In this paper, we will use this tool to study quan-
tum gravity. We will use a completely new language to express the quantum theory
of gravity. In order to do this, we rst need to introduce some transcendental foun-
dations of this new theory, which is the most important thing to formulate the whole
theory. Then we will discuss a new kind of non-Abel gauge group, which will be the
fundamental symmetry of quantum gravity. For the sake of simplicity, we call this
group gravitational gauge group. After that, we will construct a Lagrangian which
has local gravitational gauge symmetry. In this Lagrangian, gravitational eld ap-
pears as the gauge eld of the gravitational gauge symmetry. Then we will discuss
the gravitational interactions between scalar eld (or Dirac eld or vector eld ) and
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gravitational eld. Just as what Albert Einstein had ever said in 1916 that quantum
eects must lead to modications in the theory of general relativity, there are indeed
quantum modications in this new quantum theory of gravity. In another words,
the local gravitational gauge symmetry requires some additional interaction terms
other than those given by general relativity. This new quantum theory of gravity
can even give out an exact relationship between gravitational elds and space-time
metric in generally relativity. The classical limit of this new quantum theory will
give out general relativity. Then we will discuss quantizations of gravitational gauge
eld. Something most important is that this new quantum theory of gravity is a
renormalizable theory. A formal strict proof on the renormalizability of this new
quantum theory of gravity is given in this paper. After that, we will discuss some
theoretical predictions of this new quantum theory of gravity. I hope that the eort
made in this paper will be benecial to our understanding on the quantum aspects
of gravitational eld. The relationship between this new quantum theory of gravity
and traditional canonical quantum gravity or superstring theory is not study now,
and I hope that this work will be done in the near future. Because the new quantum
theory of gravity is logically independent of traditional quantum gravity, we need
not discuss traditional quantum gravity rst. Anyone who is familiar with tradi-
tional non-Abel gauge eld theory can understand the whole paper. In other words,
readers who never study anything on traditional quantum gravity can understand
this new quantum theory of gravity. Now, let’s begin our long journey to the realm
of logos.
2 The Transcendental Foundations
It is known that action principle is one of the most important fundamental principle
in quantum eld theory. Action principle says that any quantum system is described
by an action. The action of the system contains all interaction informations, con-
tains all informations of the fundamental dynamics. The least of the action gives
out the classical equation of motion of a eld. Action principle is widely used in
quantum eld theory. We will accept it as one of the most fundamental principle in
this new quantum theory of gravity. The rationality of action principle will not be
discussed here, but it is well know that the rationality of the action principle has
already been tested by a huge amount of experiments. However, this principle is not
a special principle for quantum gravity, it is a ubiquitous principle in quantum eld
theory. Quantum gravity discussed in this paper is a kind of quantum eld theory,
it’s naturally to accept action principle as one of its fundamental principles.
We need a special fundamental principle to introduce quantum gravitational
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eld, which should be the foundation of all kinds of fundamental interactions in
Nature. This special principle is the gauge principle. In order to introduce this
important principle, let’s rst study some fundamental laws in some fundamental
interactions other than gravitational interactions. We know that, except for gravi-
tational interactions, there are strong interactions, electromagnetic interactions and
weak interactions, which are described by quantum chromodynamics, quantum elec-
trodynamics and unied electroweak theory respectively. Let’s study these three
fundamental interactions one by one.
Quantum electrodynamics (QED) is one of the most successful theory in physics
which has been tested by most accurate experiments. Let study some logic in QED.
It is know that QED theory has U(1) gauge symmetry. According to Noether’s
theorem, there is a conserved charge corresponding to the global U(1) gauge trans-
formations. This conserved charge is just the ordinary electric charge. On the other
hand, in order to keep local U(1) gauge symmetry of the system, we had to introduce
a U(1) gauge eld, which transmit electromagnetic interactions. This U(1) gauge
eld is just the well-know electromagnetic eld. The electromagnetic interactions
between charged particles and the dynamics of electromagnetic eld are completely
determined by the requirement of local U(1) gauge symmetry. The source of this
electromagnetic eld is just the conserved charge which is given by Noether’s the-
orem. After quantization of the eld, this conserved charge becomes the generator
of the U(1) gauge transformations.
Quantum chromodynamics (QCD) is a prospective fundamental theory for strong
interactions. QCD theory has SU(3) gauge symmetry. The global SU(3) gauge sym-
metry of the system gives out conserved charges of the theory, which are usually
called color charges. The local SU(3) gauge symmetry of the system requires in-
troduction of a set of SU(3) non-Abel gauge elds, and the dynamics of non-Abel
gauge elds and the strong interactions between color charged particles and gauge
elds are completely determined by the requirement of local SU(3) gauge symmetry
of the system. These SU(3) non-Abel gauge elds are usually call gluon elds. The
sources of gluon elds are color charges. After quantization, these color charges are
generators of quantum SU(3) gauge transformation. Something which is dierent
from U(1) Abel gauge symmetry is that gauge elds themselves carry color charges.
Unied electroweak model is the fundamental theory for electroweak interac-
tions. Unied electroweak model is usually called the standard model. It has
SU(2)L  U(1)Y symmetry. The global SU(2)L  U(1)Y gauge symmetry of the
system also gives out conserved charges of the system, The requirement of local
SU(2)LU(1)Y gauge symmetry needs introducing a set of SU(2) non-Abel gauge
elds and one U(1) Abel gauge eld. These gauge elds transmit weak interactions
5
and electromagnetic interactions. They correspond to intermediate gauge bosons
W, Z0 and photon. The source of these gauge elds are just the conserved Noether
charges. After quantization, these conserved charges become generators of the quan-
tum SU(2)L  U(1)Y gauge transformations.
QED, QCD and the standard model are three fundamental theories of three
kinds of fundamental interactions. Now we want to summarize some fundamental
laws of Nature on interactions. Let’s rst ruminate over above discussions. Then we
will nd that our formulations on three dierent fundamental interaction theories
are almost completely the same, that is the global gauge symmetry of the system
gives out conserved Noether charges, in order to keep local gauge symmetry of the
system, we have to introduce gauge eld or a set of gauge elds, these gauge elds
transmit interactions, and the source of these gauge elds are the conserved charges
and these conserved Noether charges become generators of quantum gauge transfor-
mations after quantization. These will be the main content of gauge principle.
Before we formulate gauge principle formally, we need to study something more
on symmetry. It is know that not all symmetries can be localized, and not all sym-
metries can be regarded as gauge symmetries and have corresponding gauge elds.
For example, time reversal symmetry, space reflection symmetry,    are those kinds
of symmetries. We can not nd any gauge elds or interactions corresponding to
these symmetries. It suggests that symmetries can be divided into two dierent
classes in nature. Gauge symmetry is a special kind of symmetry which has the
following properties: 1) it can be localized; 2) it has some conserved charges related
to it; 3) it has a kind of interactions related to it; 4) it is usually a continuous
symmetry. This symmetry can completely determine the dynamical behavior of a
kind of fundamental interactions. For the sake of simplicity, we call this kind of
symmetry dynamical symmetry. Any kind of fundamental interactions has a dy-
namical symmetry corresponding to it. In QED, the U(1) symmetry is a dynamical
symmetry, in QCD, the color SU(3) symmetry is also a dynamical symmetry and in
the standard model, the SU(2)L  U(1)Y symmetry is also a dynamical symmetry.
The gravitational gauge symmetry which we will discuss below is also a kind of dy-
namical symmetry. The time inversal symmetry and space reflection symmetry are
not dynamical symmetries. Those global symmetries which can not be localized are
not dynamical symmetries either. Dynamical symmetry is the fundamental concept
for gauge principle.
Gauge principle can be formulated as follows: Any kind of fundamental inter-
actions has a dynamical symmetry corresponding to it; the dynamical symmetry
completely determine the forms of interactions. In principle, the gauge principle has
four dierent contents:
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1. Conservation Law: the global dynamical symmetry will gives out conserved
currents and conserved charges;
2. Interactions: the requirement of the local dynamical symmetry requires in-
troduction of gauge eld or a set of gauge elds; the interactions between
gauge elds and matter elds are completely determined by the requirement
of local dynamical symmetry; these gauge elds transmit the corresponding
interactions;
3. Source: qualitative speaking, the conserved charge given by global dynamical
symmetry is the source of gauge eld; for non-Abel gauge eld, gauge eld is
also the source of itself;
4. Quantum Transformation: the conserved charges given by global dynam-
ical symmetry become generators of quantum gauge transformations after
quantization, and for this kind of of interactions, the quantum transforma-
tions can not have generators other than quantum conserved charges given by
global dynamical symmetry.
It is know that conservation law is the objective origin of gauge symmetry, so gauge
symmetry is the exterior exhibition of the interior conservation law. The conserva-
tion law is the law that exists in fundamental interactions, so fundamental interac-
tions are the logic precondition and foundation of the conservation law. Gauge prin-
ciple tells us how to study conservation law and fundamental interactions through
symmetry. Gauge principle is one of the most important transcendental fundamen-
tal principles for all kinds of fundamental interactions; it reveals the common nature
of all kinds of fundamental interactions in Nature. It is also the transcendental foun-
dation of the quantum gravity which is formulated in this paper.
Another transcendental principle that widely used in quantum eld theory is the
microscopic causality principle. The central idea of the causality principle is that
any changes in the objective world have their causation. Quantum eld theory is
a relativistic theory. It is know that, in the special theory of relativity, the limit
spread speed is the speed of light. It means that, in a denite reference system, the
limit spread speed of the causation of some changes is the speed of light. Therefore,
the special theory of relativity exclude the possibility of the existence of any kinds
of non-local interactions in a fundamental theory. Quantum eld theory inherits
this basic idea and calls it the microscopic causality principle. There are several
expressions of the microscopic causality principle in quantum eld theory. One
expression say that two events which happen at the same time but in dierent space
position are two independent events. The mathematical formulation for microscopic
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causality principle is that
[O1(
!
x; t) ; O2(
!
y ; t)] = 0; (2:1)
when
!
x 6=!y . In the above relation, O1(!x; t) and O2(
!
y ; t) are two dierent arbitrary
local bosonic operators. Another important expression of the microscopic causality
principle is that, in the Lagrangian of a fundamental theory, all operators appear
in the same point of space-time. Gravitational interactions are a kind of physical
interactions, the fundamental theory of gravity should also obey microscopic causal-
ity principle. This requirement is realized in the construction of the Lagrangian for
gravity. We will require that all eld operators in the Lagrangian should be at the
same point of space-time.
Because quantum eld theory is a kind of relativity theory, it should obey some
fundamental principles of the special theory of relativity, such as principle of special
relativity and principle of invariance of light speed. These two principles conven-
tionally exhibit themselves through Lorentz invariance. So, in constructing the
Lagrangian of the quantum theory of gravity, we require that it should have Lorentz
invariance. This is also a transcendental requirement for the quantum theory of
gravity. But what we treat here that is dierent from that of general relativity is
that we do not localize Lorentz transformation. Because gauge principle forbids us
to localize Lorentz transformation, asks us only to localize gravitational gauge trans-
formation. We will discuss this topic in details later, but at present, we do not talk
more about it. However, it is important to remember that global Lorentz invariance
of the Lagrangian is a fundamental requirement. The requirement of global Lorentz
invariance can also be treated as a transcendental principle of the quantum theory
of gravity.
It is well-known that two transcendental principles of general relativity are prin-
ciple of general relativity and principle of equivalence. It should be stated that,
in the new gauge theory of gravity, the principle of general relativity appears in
another way, that is, it realized itself through local gravitational gauge symmetry.
From mathematical point of view, the local gravitational gauge invariance is just
the general covariance in general relativity. In the new quantum theory of gravity,
principle of equivalence plays no role. In another word, we will not accept principle
of equivalence as a transcendental principle of the new quantum theory of gravity,
for gauge principle is enough for us to construct quantum theory of gravity. We will
discuss something more about principle of equivalence later.
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3 Gravitational Gauge Group
Now, let’s begin our mathematical formulation of gravitational gauge theory from
the discussion of gravitational gauge transformation and gravitational gauge group.
First, we need to determine what the gravitational gauge transformation is and
what the gravitational gauge group is. Now, we use gauge principle to study these
problems.
Some of the most important properties of gravity can be seen from Newton’s
classical gravity. In this classical theory of gravity, gravitational force between two





with m1 and m2 masses of two objects, r the distance between two objects. So, grav-
ity is proportional to the masses of both objects, in other words, mass is the source
of gravitational eld. In general relativity, Einstein’s gravitational equation is the
equation which gives out the relation between energy-momentum tensor and space-
time curvature, which is essentially the relation between energy-momentum tensor
and gravitational eld. In the Einstein’s gravitational equation, energy-momentum
is treated as the source of gravity. This opinion is inherit in the new quantum
theory of gravity, in other words, the starting point of the new quantum theory
of gravity is that the energy-momentum is the source of gravitational eld. Ac-
cording to rule 3 and rule 1 of gauge principle, we know that, energy-momentum
is the conserved charges of the corresponding global symmetry, which is just the
symmetry for gravity. According to quantum eld theory, energy-momentum are
the conserved charges of global space-time translation, the corresponding conserved
current is energy-momentum tensor. Therefore, the global space-time translation
is the global gravitational gauge transformation. According to rule 4, we know
that, after quantization, the energy-momentum operators becomes the generators of
gravitational gauge transformation. It also states that, except for energy momentum
operators, there is no other operator for gravitational gauge eld, such as, angular
momentum operators M can not be the operators of gravitational gauge eld.
This is the reason why we can not localized Lorentz transformations in quantum
gravity, for the generators of Lorentz transformation is angular momentum oper-
ators M . According to rule 2 of gauge principle, the gravitational interactions
will be completely determined by the requirement of the local gravitational gauge
symmetry. These are the basic ideas of the new quantum theory of gravity, and they
are completely deductions of gauge principle.
From above discussion, we know that the gravitational gauge transformations
are space-time translation transformations, and the gravitational gauge group is the
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space-time translation group. Suppose that there is an arbitrary function (x) of
space-time coordinate x. The global space-time translation is:
x ! x0 = x + : (3:2)
The corresponding transformation for function (x) is
(x) ! (x0) = (x+ ): (3:3)
According to Taylor series expansion, we have:











Let’s dene a special exponential operation here. Dene
Ea





a1   an  b1    bn : (3:6)
This denition is quite dierent from that of ordinary exponential function. In
general cases, operators a and b do not commutate each other, so
Ea
b 6= Eba ; (3:7)
Ea
b 6= eab ; (3:8)
where ea
b is the ordinary exponential function whose denition is
ea





(a1  b1)    (an  bn): (3:9)








The translation operator U^ can be dened by





1    n@1   @n : (3:12)
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Then we have
(x+ ) = U^−(x): (3:13)
In order to have a good form which is similar to ordinary gauge transformation




P^ = −i @
@x
: (3:15)
P^ is just the energy-momentum operator in space-time coordinate space. In the
denition of U^ of eq.(3.14), 
 can be independent of of space-time coordinate or
a function of space-time coordinate, in a ward, it can any functions of space time
coordinate x.
Some operation properties of translation operator U^ are summarized below.
1. Operator U^ translate the space-time point of a eld from x to x− ,
(x− ) = U^(x); (3:16)
where  can be any function of space-time coordinate. This relation can also
be regarded as the denition of the translation operator U^.
2. If  is a function of space-time coordinate, that is @
 6= 0, then
U^ = E
−iP^ 6= E−iP^; (3:17)
and
U^ = E
−iP^ 6= e−iP^: (3:18)
If  is a constant, that is @









3. Suppose that 1(x) and 2(x) are two arbitrary functions of space-time coor-
dinate, then we have
U^(1(x)  2(x)) = (U^1(x))  (U^2(x)) (3:21)
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4. Suppose that A and B are two arbitrary operators in Hilbert space,  is an





B = A  EAB  B: (3:22)
5. Suppose that  is an arbitrary function of space-time coordinate, then
(@U^) = −i(@)U^P^ : (3:23)




) = trI; (3:24)
where tr is the trace operation and I is the unit operator in the Hilbert space.
7. Suppose that A, B and C
 are three operators in Hilbert space, but operators
A and C commutate each other:







8. Suppose that A, B and C
 are three operators in Hilbert space, they satisfy
[A ; C ] = 0;
[B ; C





 B = E(A
+C)B : (3:28)
9. Suppose that A, B and C
 are three operators in Hilbert space, they satisfy
[A ; C ] = 0;
[[B ; C
 ] ; A] = 0;
[[B ; C









10. Suppose that U^1 and U^2 are two arbitrary translation operators, dene
U^3 = U^2  U^1 ; (3:31)
then,
3 (x) = 

2 (x) + 

1 (x− 2(x)): (3:32)
This property means that the product to two translation operator satisfy clo-
sure property, which is one of the conditions that any group must satisfy.
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11. Suppose that U^ is a non-singular translation operator, then
U^−1 = E
i(f(x))P^ ; (3:33)
where f(x) is dened by the following relations:
f(x− (x)) = x: (3:34)
U^−1 is the inverse operator of U^, so
U^−1 U^ = U^U^
−1
 = 1; (3:35)
where 1 is the unit element of the gravitational gauge group.
12. The product operation of translation also satises associative law. Suppose
that U^1 , U^2 and U^3 are three arbitrary translation operators, then
U^3  (U^2  U^1) = (U^3  U^2)  U^1 : (3:36)
13. Suppose that U^ is an arbitrary translation operator and (x) is an arbitrary
function of space-time coordinate, then
U^(x)U^
−1
 = f(x− (x)): (3:37)
This relation is quite useful in following discussions.
14. Suppose that U^ is an arbitrary translation operator. Dene
  =
@x



























These give out the the transformation laws of P^ and dx
 under local gravi-
tational gauge transformations.
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Gravitational gauge group (GGG) is a transformation group which consists of
all non-singular translation operators U^. We can easily see that gravitational gauge
group is a real group, for
1. the product of two arbitrary non-singular translation operators is also a non-
singular translation operator, which is also an element of the gravitational
gauge group. So, the product of the group satises closure property;
2. the product of the gravitational gauge group also satises the associative law
which is expressed in eq(3.36);
3. the gravitational gauge group has its unit element 1, it satises
1  U^ = U^  1 = U^; (3:44)
4. every non-singular element U^ has its inverse element which is given by eqs(3.33)
and (3.35).
According to gauge principle, the gravitational gauge group is the symmetry of grav-
itational interactions. The global invariance of gravitational gauge transformation
will give out conserved charges which is just the ordinary energy-momentum; the
requirement of local gravitational gauge invariance needs introducing gravitational
gauge eld, and gravitational interactions are completely determined by the local
gravitational gauge invariance.
The generators of gravitational gauge group is just the energy-momentum oper-
ators P^. This is required by gauge principle. It can also be seen from the form of
innitesimal transformations. Suppose that  is an innitesimal quantity, then we
have






gives out generators P^ of gravitational gauge group. It is known that generators of
gravitational gauge group are commute each other
[P^ ; P^] = 0: (3:47)
However, the commutation property of generators does not mean that gravitational
gauge group is an Abel group, because two general elements of gravitational gauge
group do not commute:
[U^1 ; U^2 ] 6= 0: (3:48)
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Gravitational gauge group is a kind of non-Abel gauge group. The non-Able nature
of gravitational gauge group will cause self-interactions of gravitational gauge eld.
Now, let’s discuss the gravitational gauge transformations of elds. Generally
speaking, space-time translation is a kind of coordinates transformation, that is, the
objects or elds in space-time is kept xed while the space-time coordinates that
describe the motion of objective matter undergo some transformations. But gravi-
tational gauge transformation is a kind of system transformation rather than a kind
of coordinates transformation. In system transformation, the space-time coordinate
system keeps unchanged while objects or elds undergo some transformations. In
mathematical point of view, space-time translation and gravitational gauge trans-
formation are essentially the same, and the space-time translation is the inverse
transformation of the gravitational gauge transformation; but in physical point of
view, space-time translation and gravitational gauge transformation are quite dier-
ent. In a meaning, space-time translation is a kind of mathematical transformation,
it contains little dynamical informations of interactions; while gravitational gauge
transformation is a kind of physical transformations, which contain all dynamical
informations of interactions. Through gravitational gauge symmetry, we can deter-
mine the whole gravitational interactions among various kinds of elds. This is the
reason why we do not call gravitational gauge transformation space-time translation.
This is important for all of our discussion on gravitational gauge transformations of
various kinds of elds.
Suppose that (x) is an arbitrary scalar eld. Its gravitational gauge transfor-
mation is
(x) ! 0(x) = (U^(x)): (3:49)
Similar to ordinary SU(N) non-able gauge eld theory, there are two kinds of scalars.
For example, in chiral perturbative theory, the ordinary  mesons are scalar elds,
but they are vector elds in isospin space. Similar case exists in gravitational gauge
eld theory. A Lorentz scalar can be a scalar or a vector or a tensor in the space
of gravitational gauge group. If (x) is a scalar in the space of gravitational gauge
group, we just simply denote it as (x) in gauge group space. If it is a vector in the
space of gravitational gauge group, it can be expanded in the gauge group space in
the following way:
(x) = (x)  P^: (3:50)
The transformations of component elds are
(x) ! 0(x) =  U^(x)U^−1 : (3:51)
The important thing that we must remember is that, the  index is not a Lorentz
index, it is just a group index. For gravitation gauge group, it is quite special that
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a group index looks like a Lorentz index. We must be carefully on this important
thing. This will cause some fundamental changes on quantum gravity. Lorentz
scalar (x) can also be a tensor in gauge group space. suppose that it is a nth order
tensor in gauge group space, the it can be expanded as
(x) = 1n(x)  P^1    P^n : (3:52)
The transformation of component elds are
1n(x) ! 01n(x) = 11   nnU^1n(x)U^−1 : (3:53)
If (x) is a spinor eld, the above discussion is also valid. That is, a spinor can
also be a scalar or a vector or a tensor in the space of gravitational gauge group.
The gravitational gauge transformations of the component elds are also given by
eqs.(3.49-53). There is no transformations in spinor space, which is dierent from
that of the Lorentz transformation of a spinor.
Suppose that A(x) is an arbitrary vector eld. Here, the index  is a Lorentz
index. Its gravitational gauge transformation is:
A(x) ! A0(x) = (U^A(x)): (3:54)
Please remember that there is no rotation in the space of Lorentz index , while in
the general coordinates transformations of general relativity, there is rotation in the
space of Lorentz index . The reason is that gravitational gauge transformation is
a kind of system transformation, while in general relativity, the general coordinates
transformation is a kind of coordinates transformation. If A(x) is a scalar in the
space of gravitational gauge group, eq(3.54) is all for its gauge transformation. If
A(x) is a vector in the space of gravitational gauge group, it can be expanded as:
A(x) = A

(x)  P^: (3:55)
The transformation of component elds is
A(x) ! A0 (x) =  U^A  (x)U^−1 : (3:56)
If A(x) is a nth order tensor in the space of gravitational gauge group, then
A(x) = A
1n
 (x)  P^1    P^n: (3:57)
The transformation of component elds is
A1n (x) ! A01n (x) = 11   nnU^A1n (x)U^−1 : (3:58)
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Therefore, under gravitational gauge transformations, the behavior of a group in-
dex is quite dierent from that of a Lorentz index. However, they have the same
behavior in Lorentz transformations.
Generally speaking, suppose that T 1n1m (x) is an arbitrary tensor, its gravita-
tional gauge transformations are:
T 1n1m (x) ! T 01n1m (x) = (U^T 1n1m (x)): (3:59)
If it is a pth order tensor in group space, then
T 1n1m (x) = T
1n;1p
1m (x)  P^1    P^p: (3:60)
The transformation of component elds is
T 1n;1p1m (x) ! T 01n;1p1m (x) = 11   ppT 1n;1p1m (x): (3:61)
Finally, we give denitions of three useful tensors. 2 is a Lorentz scalar, but it
is a second order tensor in group space. That is,
2 = 

2  P^P^: (3:62)
The gravitational gauge transformation of 2 is
2 ! 02 = (U^2): (3:63)
The transformations of component elds are
2 ! 02 =  1 1U^112 U^−1 : (3:64)
2 is the metric of group space, we use it to raise a group index or to descend a





2 2 = 
γ
 (3:65)
In a special representation of gravitational gauge group, 2 is selected to be diag-
onal, that is:
0 02 = −1;
1 12 = 1;
2 22 = 1;
3 32 = 1;
(3:66)
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and other components of 2 vanish. Group index of P^ is raised by 

2 . that is
P^  = 2 P^: (3:67)




1  P^  (3:68)
For 1, the index  is a Lorentz index and the index  is a group index. The
gravitational gauge transformation is
1 ! 01 = (U^1 ): (3:69)
The transformation of its component elds is
1 ! 01 =   U^1U^−1 : (3:70)
In a special coordinate system and a special representation of gravitational gauge




 is a second order Lorentz tensor, but it is a scalar in group space. It is the
metric of the coordinate space. A Lorentz index can be raised or descended by this
metric tensor. In a special coordinate system, it is selected to be:
0 0 = −1;
1 1 = 1;
2 2 = 1;
3 3 = 1;
(3:72)
and other components of  vanish.
4 Pure Gravitational Gauge Fields
Now, let’s begin to construct the Lagrangian of gravitational gauge theory. For the
sake of simplicity, let’s suppose that (x) is a Lorentz scalar and gauge group scalar.
According to above discussions, Its gravitational gauge transformation is:
(x) ! 0(x) = (U^(x)): (4:1)
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Because
(@U^) 6= 0; (4:2)
partial dierential of (x) does not transform covariantly under gravitational gauge
transformation:
@(x) ! @0(x) 6= (U^@(x)): (4:3)
In order to construct an action which is invariant under local gravitational gauge
transformation, gravitational gauge covariant derivative is highly necessary. The
gravitational gauge covariant derivative is dened by
D = @ − igC(x); (4:4)
where C(x) is the gravitational gauge eld. It is a Lorentz vector. Under gravita-
tional gauge transformations, it transforms as






Using the original denition of U^, we can strictly proved that









 = @ − igC 0(x): (4:8)
So, under local gravitational gauge transformations,
D(x) ! D00(x) = (U^D(x)); (4:9)
D(x) ! D0(x) = U^D(x)U^−1 : (4:10)
Gravitational gauge eld C(x) is vector eld, it is a Lorentz vector. It is also
a vector in gauge group space, so it can be expanded as linear combinations of
generators of gravitational gauge group:
C(x) = C

 (x)  P^: (4:11)
C are component elds of gravitational gauge eld. They looks like a second rank
tensor. But according to our previous discussion, they are not tensor elds, they
are vector elds. The index  is not a Lorentz index, it is just a gauge group
index. Gravitational gauge eld C has only one Lorentz index, so it is a kind of
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vector eld. This is an inevitable results of gauge principle. The gravitational gauge
transformations of component elds are:





where y is a function of space-time coordinates which satisfy:
(U^y(x)) = x: (4:13)
The strength of gravitational gauge eld is dened by
F =
1
−ig [D ; D ]; (4:14)
or
F = @C(x)− @C(x)− igC(x)C(x) + igC(x)C(x): (4:15)
F is a second order Lorentz tensor. It is a vector is group space, so it can be
expanded in group space,
F(x) = F

(x)  P^: (4:16)
The explicit form of component eld strengths is
F  = @C

 − @C − gC@C + gC @C (4:17)
The strength of gravitational gauge elds transforms covariantly under gravitational
gauge transformation:
F ! F 0 = U^FU^−1 : (4:18)
The gravitational gauge transformation of component elds is
F  ! F 0 =  (U^F ): (4:19)
Similar to traditional gauge eld theory, the kinematical term for gravitational








We can easily prove that this Lagrangian does not invariant under gravitational
gauge transformation, it transforms covariantly
L0 ! L00 = (U^L0): (4:21)
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In order to resume the gravitational gauge symmetry of the action, we introduce










Then, the Lagrangian for gravitational gauge eld is selected as
L = eI(C)L0; (4:24)




It can be proved that this action has gravitational gauge symmetry. In other words,
it is invariant under gravitational gauge transformation,
S ! S 0 = S: (4:26)
In order to prove the gravitational gauge symmetry of the action, the following










According to gauge principle, the global symmetry will give out conserved charges.
Now, let’s discuss the conserved charges of global gravitational gauge transforma-
tion. Suppose that  is an innitesimal constant 4-vector. Then, in the rst order
approximation, we have
U^ = 1− @ + o(2): (4:29)
The rst order variation of the gravitational gauge eld is
C (x) = −@C ; (4:30)
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where T i is the inertial energy-momentum tensor, whose denition is










It is a conserved current,
@T

i = 0: (4:33)
Except for the factor eI(C), the form of the inertial energy-momentum tensor is al-
most completely the same as that in the traditional quantum eld theory. It means
that gravitational interactions will change energy-momentum of matter elds.








This form is completely that same as what we have ever seen in quantum eld theory.











Eq.(4.17) can be changed into
F  = DC

 −DC ; (4:36)











Using the above relations and
@L0
@@C
= −2F  − g2F C ; (4:38)





































 ) = −gT g: (4:41)
T g is conserved current, that is
@T






 ) = 0: (4:43)
T g is called gravitational energy-momentum tensor, which is the source of grav-
itational gauge eld. Now we get two dierent energy-momentum tensors, one is
the inertial energy-momentum tensor T i and another is the gravitational energy-
momentum tensor T g. They are similar, but they are dierent.The inertial energy-
momentum tensor T i is given by conservation law which is associate with global





x T 0i: (4:44)
It is a conserved charges,
d
dt
Pi = 0: (4:45)
The time component of Pi, that is Pi0, gives out the Hamiltonian H of the system,









According to our conventional belief, H should be the inertial energy of the system,
therefore Pi is the inertial energy-momentum of the system. The gravitational
energy-momentum is given by equation of motion of gravitational gauge eld, it is
also a conserved current. The space integration of the time component of it gives





x T 0g: (4:47)
It is also a conserved charge,
d
dt
Pg = 0: (4:48)
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The time component of it just gives out the gravitational energy of the system. This
can be easily seen. Set  and  in eq.(4.41) to 0, we get
@iF 0i0 = −gT 0g0: (4:49)
The eld strength of gravitational eld is dened by
Ei = −F 0i0: (4:50)
The space integration of eq.(4.49) gives out∮
d
!




x T 0g0: (4:51)




x T 0g0 in the right hand term
is just the gravitational mass of the system. Denote the gravitational mass of the





x T 0g0: (4:52)
Then eq(4.51) is changed into ∮
d
!
  !E= −gMg: (4:53)
This is just the classical Newton’s law of universal gravitation. It can be strictly
proved that gravitational mass is dierent from inertial mass. They are not equiv-
alent. But their dierence is at least second order innitesimal quantity if the
gravitational eld C and the gravitational coupling constant g are all rst order
innitesimal quantities, for this dierence is proportional to gC . So, this dier-
ence is too small to be detected in experiments. But in the environment of strong
gravitational eld, the dierence will become relatively larger and will be easier to
be detected. Much more highly precise measurement of this dierence is strongly
needed to test this prediction and to test the validity of the equivalence principle.
In the chapter of classical limit of quantum gauge theory of gravity, we will return
to discuss this problem again.
Now, let’s discuss self-coupling of gravitational eld. The Lagrangian of gravi-














there are vertexes of n gravitational gauge elds in tree diagram with n can be ar-
bitrary integer number that is greater than 3. This property is important for renor-
malization of the theory. Because the coupling constant of the gravitational gauge
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interactions has negative mass dimension, any kind of regular vertex exists diver-
gence. In order to cancel these divergences, we need to introduce the corresponding
counterterms. Because of the existence of the vertex of n gravitational gauge elds
in tree diagram in the non-renormalized Lagrangian, we need not introduce any new
counterterm which does not exist in the non-renormalized Lagrangian, what we need
to do is to redene gravitational coupling constant g and gravitational gauge eld
C in renormalization. If there is no e
I(C) term in the original Lagrangian, then we
will have to introduce innite counterterms in renormalization, and therefore the
theory is non-renormalizable. Because of the existence of the factor eI(C), though
quantum gauge theory of gravity looks like a non-renormalizable theory according
to power counting law, it is indeed renormalizable. In a word, the factor eI(C) is
highly important for the quantum gauge theory of gravity.
5 Gravitational Interactions of Scalar Fields
Now, let’s start to discuss gravitational interactions of matter elds. First, we
discuss gravitational interactions of scalar elds. For the sake of simplicity, we rst
discuss real scalar eld. Suppose that (x) is a real scalar eld. The traditional







where m is the mass of scalar eld. This is the Lagrangian for a free real scalar eld.
The Euler-Lagrangian equation of motion of it is
(@@ −m2)(x) = 0: (5:2)
This is the famous Klein-Gordan equation.
Now, replace the ordinary partial derivative @ with gauge covariant derivative













The Lagrangian is selected to be
L = eI(C)L0; (5:4)





Using our previous denitions of gauge covariant derivative D and strength of
gravitational gauge eld F  , we can obtain the explicit form of Lagrangian L,
L = LF + LI ; (5:6)






























 − C@C )C@C ;
(5:8)
where,
F 0 = @C

 − @C : (5:9)
From eq.(5.8), we can see that scalar eld can directly couples to any number of
gravitational gauge elds. This is one of the most important interaction properties of
gravity. Other kinds of interactions, such as strong interactions, weak interactions
and electromagnetic interactions do not have this kind of interaction properties.
Because the gravitational coupling constant has negative mass dimension, renor-
malization of theory needs this kind of interaction properties. In other words, if
matter eld can not directly couple to any number of gravitational gauge elds, the
theory will be non-renormalizable.
The symmetries of the theory can be easily seen from eq.(5.3). First, let’s dis-
cuss Lorentz symmetry. In eq.(5.3), some indexes are Lorentz indexes and some are
group indexes. Lorentz indexes and group indexes have dierent transformation law
under gravitational gauge transformation, but they have the same transformation
law under Lorentz transformation. Therefor, it can be easily seen that both L0 and
I(C) are Lorentz scalars, the Lagrangian L and action S are invariant under Lorentz
transformation.
Under gravitational gauge transformations, real scalar eld (x) transforms as
(x) ! 0(x) = (U^(x)); (5:10)
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therefore,
D(x) ! D00(x) = (U^D(x)): (5:11)
It can be easily proved that L0 transforms covariantly
L0 ! L00 = (U^L0); (5:12)
and the action eq.(5.5) of the system is invariant,
S ! S 0 = S: (5:13)
Please remember that eq.(4.27) is an important relation to be used in the proof of
the gravitational gauge symmetry of the action.
Global gravitational gauge symmetry gives out conserved charges. Suppose that
U^ is an innitesimal gravitational gauge transformation, it will have the form of
eq.(4.29). The rst order variations of elds are
C (x) = −@C (x); (5:14)
(x) = −@(x); (5:15)
Using Euler-Lagrange equation of motions for scalar elds and gravitational gauge



















Because action is invariant under global gravitational gauge transformation,
S = 0; (5:18)
and  is an arbitrary innitesimal constant 4-vector, we obtain,
@T

i = 0: (5:19)
This is the conservation equation for inertial energy-momentum tensor. T i is the
conserved current which corresponds to the global gravitational gauge symmetry.
The space integration of the time component of inertial energy-momentum tensor
gives out the conserved charge, which is just the inertial energy-momentum of the
system. The time component of the conserved charge is the Hamilton of the system,
which is












where  is the canonical conjugate momentum of the real scalar eld. The initial
space momentum of the system is given by




x eI(C)(−@i− @iC ): (5:21)
According to gauge principle, after quantization, they will become generators of
quantum gravitational gauge transformation.
There is an important and interesting relation that can be easily obtained from
the Lagrangian which is given by eq.(5.3). Dene
G = 

 − gC : (5:22)














g  GG : (5:24)
g is the metric tensor of curved space-time in the classical limit of the quantum
gauge theory of gravity. We can easily see that, when there is no gravitational eld
in space-time, that is,
C = 0; (5:25)
the classical space-time will be flat
g = : (5:26)
This is what we expected in general relativity. We do not talk to much on this
problem here, for we will discuss this problem again in details in the chapter on the
classical limit of the quantum gauge theory of gravity.
Euler-Lagrange equations of motion can be easily deduced from action principle.
Keep gravitational gauge eld C xed and let real scalar eld vary innitesimally,























The equation of motion for gravitational gauge eld C is the same eq.(4.35). Be-
cause of the existence of the factor eI(C), the equation of motion for scalar eld is
quite dierent from the traditional form in quantum eld theory. But the dierence
is a second order innitesimal quantity if we suppose that both gravitational cou-








the explicit form of the equation of motion of scalar eld is
g@@−m2+ (@g)@+ gg(@)@(1γCγ ) = 0: (5:31)




 ) = −gT g; (5:32)
where T g is the gravitational energy-momentum tensor, whose denition is:
T g = − @L0@DC @C

 − @L0@D@+ 1L0







We can see again that, for matter eld, its inertial energy-momentum tensor is also
dierent from the gravitational energy-momentum tensor, this dierence completely
originate from the influences of gravitational gauge eld. Compare eq.(5.33) with
eq.(5.17), and set gravitational gauge eld to zero, that is
D = @; (5:34)
I(C) = 0; (5:35)
then we nd that two energy-momentum tensors are completely the same:
T i = T

g: (5:36)
It means that the equivalence principle only strictly hold in a space-time where there
is no gravitational eld. In the environment of strong gravitational eld, such as in














































































These two equations of motion are essentially the same as the Euler-Lagrange equa-
tions of motion which we have obtained before. But these two equations have more
beautiful forms.









































It can be easily seen that the Hamiltonian given by Legendre transformation is com-
pletely the same as that given by inertial energy-momentum tensor. After Legendre
transformation, , C , e
I(C) and e
I(C) are canonical independent variables. Let














































The forms of the Hamilton’s equations of motion are completely the same as those
appears in usual quantum eld theory and usual classical analytical mechanics.
Therefor, the introduction of the factor eI(C) does not aect the forms of Lagrange
equations of motion and Hamilton’s equations of motion.
The Poisson brackets of two general functional of canonical arguments can be
dened by


















According to this denition, we have
f(!x; t) ; (eI(C))(
!
y ; t)g = 3(!x − !y ); (5:56)
fC (
!
x; t) ; (eI(C) )(
!
y ; t)g =   3(
!
x − !y ): (5:57)
These two relations can be used as the starting point of canonical quantization of
quantum gravity.
















x; t) = fC (
!





x; t) = f(eI(C))(
!
x; t) ; Hg: (5:61)
Therefore, if A is an arbitrary functional of the canonical arguments , C , e
I(C)
and eI(C), then we have 
A= fA ; Hg: (5:62)
After quantization, this equation will become the Heisenberg equation.
If (x) is a complex scalar eld, its traditional Lagrangian is
−@(x)@(x)−m2(x)(x): (5:63)
Replace ordinary partial derivative with gauge covariant derivative, and add into
the Lagrangian for pure gravitational gauge elds, we get,







Repeating all above discussions, we can get the whole theory for gravitational inter-
actions of complex scalar elds. We will not repeat this discussion here.
6 Gravitational Interactions of Dirac Field
In the usual quantum eld theory, the Lagrangian for Dirac eld is
−  (γ@ +m) : (6:1)
Replace ordinary partial derivative with gauge covariant derivative, and add into
the Lagrangian of pure gravitational gauge elds, we get,







The Lagrangian of the system is
L = eI(C)L0; (6:3)







This Lagrangian can be separated into two parts,
L = LF + LI ; (6:5)
with LF the free Lagrangian and LI the interaction Lagrangian. Their explicit forms
are







LI = LF  (∑1n=1 1n!(g111C11 )n) + geI(C)  γ(@ )C
+geI(C)2(@C








 − C@C )C@C :
(6:7)
From LI , we can see that Dirac eld can directly couple to any number of grav-
itational gauge elds, the mass term of Dirac eld also take part in gravitational
interactions. All these interactions are completely determined by the requirement
of gravitational gauge symmetry. The Lagrangian function before renormalization
almost contains all kind of divergent vertex, which is important in the renormaliza-
tion of the theory.
Because the traditional Lagrangian function eq.(6.1) is invariant under Lorentz
transformation, which is already proved in the traditional quantum eld theory, and
the covariant derivative has the same behavior as partial derivative under Lorentz
transformation, the rst two terms of Lagrangian L are Lorentz invariant. We have
already prove that the Lagrangian function for pure gravitational gauge eld is in-
variant under Lorentz transformation. Therefor, L has Lorentz symmetry.
The gravitational gauge transformation of Dirac eld is
 (x) !  0(x) = (U^ (x)): (6:8)
 transforms similarly,
 (x) !  0(x) = (U^  (x)): (6:9)
Dirac γ-matrices is not a physical eld, so it keeps unchanged under gravitational
gauge transformation,
γ ! γ: (6:10)
It can be proved that, under gravitational gauge transformation, L0 transforms as
L0 ! L00 = (U^L0): (6:11)
So,
L ! L0 = J(U^L0); (6:12)
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where J is the Jacobi of the corresponding space-time translation. Then using
eq.(4.27), we can prove that the action S has gravitational gauge symmetry.
Suppose that U^ is an innitesimal global transformation, then the rst order
innitesimal variations of Dirac eld are
 = −@ ; (6:13)
  = −@  : (6:14)






where T i is the inertial energy-momentum tensor whose denition is,















The global gravitational gauge symmetry of action gives out conservation equation
of the inertial energy-momentum tensor,
@T

i = 0: (6:17)
The inertial energy-momentum tensor is the conserved current which expected by
gauge principle. The space integration of its time component gives out the conserved
energy-momentum of the system,























The equation of motion for Dirac eld is
(γD +m) = 0: (6:21)
From this expression, we can see that the factor eI(C) does not aect the equation
of motion of Dirac eld. This is cause by the asymmetric form of the Lagrangian, If
we use a symmetric form of Lagrangian, the factor eI(C) will also aect is equation
of motion. This will discussed later.
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 ) = −gT g; (6:22)
where T g is the gravitational energy-momentum tensor, whose denition is:
T g = − @L0@DC @C

 − @L0@D @ + 1L0







We see again that the gravitational energy-momentum tensor is dierent from the
inertial energy-momentum tensor.
In usual quantum eld theory, the Lagrangian for Dirac eld has a more sym-
metric form, which is









The Euler-Lagrange equation of motion of eq.(6.24) also gives out the conventional
Dirac equation.
Now replace ordinary space-time partial derivative with covariant derivative, and
add into the Lagrangian of pure gravitational gauge eld, we get,
L0 = −  (γ
$



















D is understand in the following way
f(x)
 
D g(x) = (Df(x))g(x); (6:28)
with f(x) and g(x) two arbitrary functions. The Lagrangian L and action S are
also dened by eqs.(6.3-4). In this case, the free Lagrangian LF and interaction
Lagrangian LI are given by
LF = −  (γ
$








LI = LF  (∑1n=1 1n!(g111C11 )n) + geI(C)(  γ $@  )C
+geI(C)2(@C








 − C@C )C@C :
(6:30)





















eq.(6.31) will be changed into




) − gγ D(1C ): (6:34)
If gravitational gauge eld vanishes, this equation of motion will return to the tra-
ditional Dirac equation.
The inertial energy-momentum tensor now becomes
T i = e
I(C)(− @L0
@@ 











and the gravitational energy-momentum tensor becomes
T g = − @L0@DC @C

 − @L0@D @ − (@  ) @L0@D  + 1L0







Both of them are conserved energy-momentum tensor. But they are not equivalent.
7 Gravitational Interactions of Vector Field








where A is the strength of vector eld which is given by
@A − @A: (7:2)














In eq.(7.3), the denition of strength A is not given by eq.(7.2), it is given by
A = DA −DA
= @A − @A − gC@A + gC @A; (7:4)
where D is the covariant derivative, whose denition is given by eq.(4.4). The full
Lagrangian L is given by,
L = eI(C)L0: (7:5)




The Lagrangian L can be separated into two parts: the free Lagrangian LF and


















 (@A)(@A)− C C (@A)(@A))
+geI(C)2(@C








 − C@C )C@C ;
(7:8)
where A0 = @A − @A The rst two lines of LI contain interactions between
vector eld and gravitational gauge elds. It can be seen that the vector eld can
also directly couple to arbitrary number of gravitational gauge elds, which is one of
the most important properties of gravitational gauge interactions. This interaction
properties are required and determined by local gravitational gauge symmetry.
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Under Lorentz transformations, group index and Lorentz index have the same
behavior. Therefor every term in the Lagrangian L are Lorentz scalar, and the whole
Lagrangian L and action S have Lorentz symmetry.
Under gravitational gauge transformations, vector eld A transforms as
A(x) ! A0(x) = (U^A(x)): (7:9)
DA and A transform covariantly,
DA ! D0A0 = (U^DA); (7:10)
A ! A0 = (U^A): (7:11)
So, the gravitational gauge transformations of L0 and L respectively are
L0 ! L00 = (U^L0); (7:12)
L ! L0 = J(U^L0): (7:13)
The action of the system is gravitational gauge invariant.
The global gravitational gauge transformation gives out conserved current of
gravitational gauge symmetry. Under innitesimal global gravitational gauge trans-
formation, the vector eld A transforms as
A = −@A: (7:14)






where T i is the inertial energy-momentum tensor whose denition is,
















T i is a conserved current. The space integration of its time component gives out
inertial energy-momentum of the system,










































Then, eq.(7.20) is changed into
DA −m2A = −(@G)A − gAD(1C ): (7:23)




 ) = −gT g; (7:24)
where T g is the gravitational energy-momentum tensor,
T g = − @L0@DC @C

 − @L0@DA@A + 1L0







T g is also a conserved current. The space integration of its time component gives
out the gravitational energy-momentum which is the source of gravitational inter-
actions. It can be also seen that inertial energy-momentum tensor and gravitational
energy-momentum tensor are not equivalent.
8 Gravitational Interactions of Gauge Fields
It is know that QED, QCD and unied electroweak theory are all gauge theories.
In this chapter, we will discuss how to unify these gauge theories with gravitational
gauge theory, and how to unify four dierent fundamental interactions formally.
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First, let’s discuss QED theory. As an example, let’s discuss electromagnetic
interactions of Dirac eld. The traditional electromagnetic interactions between
Dirac eld  and electromagnetic eld A is
−1
4
AA −  (γ(@ − ieA) +m) : (8:1)
The Lagrangian that describes gravitational gauge interactions between gravita-
tional gauge eld and Dirac eld or electromagnetic eld and describes electromag-
netic interactions between Dirac eld and electromagnetic eld is
L0 = −1
4







where D is the gravitational gauge covariant derivative which is given by eq.(4.4)
and the strength of electromagnetic eld A is given by eq.(7.4). The full Lagrangian
and the action of the system are respectively given by,




The system given by above Lagrangian has both U(1) gauge symmetry and
gravitational gauge symmetry. Under U(1) gauge transformations,
 (x) !  0(x) = e−i(x) (x); (8:5)




C (x) ! C 0 (x) = C (x): (8:7)
It can be proved that the Lagrangian L is invariant under U(1) gauge transformation.
Under gravitational gauge transformations,
 (x) !  0(x) = (U^ (x)); (8:8)
A(x) ! A0(x) = (U^A(x)); (8:9)






The action S given by eq.(8.4) is invariant under gravitational gauge transformation.
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 C (@A)(@A))
+geI(C)2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 − C@C )C@C :
(8:12)









 −GC )@A; (8:13)
So, the Lagrangian L0 given by eq.(8.2) is changed into





















 −GC )(G1 C1 −G1 C1 )(@A)(@1A1)
−g  (Cγ(D − ieA)) + ieg  (GγCA) ;
(8:14)
with g is the metric of curved space-time. We can see that there are some correc-
tions to the description of QED in curved space-time. All these corrections are in
the rst order of gC which is a second order innitesimal quantity. Therefore, in
leading order approximation we have
L = −1
4
ggA0A0 −  (gγ(@ − ieA) +m) + o(gC): (8:15)
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where  n is the quark color triplet of the nth flavor, A is the color gauge vector
potential, A is the color gauge covariant eld strength tensor, gc is the strong
coupling constant,  is the Gell-Mann matrix and mn is the quark mass of the nth
flavor. In gravitational gauge theory, this Lagrangian should be changed into












 −DAi + gcfijkAjAk : (8:18)
It can be proved that this system has both SU(3)c gauge symmetry and gravita-
tional gauge symmetry. The unied electroweak model can be discussed in similar
way.
Now, let’s try to construct a theory which can describe all kinds of fundamental
interactions in Nature. First we know that the fundamental particles that we know
are fundamental fermions(such as leptons and quarks), gauge bosons(such as photon,
gluons, gravitons and intermediate gauge bosons W and Z0), and possible Higgs
bosons. According to the Standard Model, leptons form left-hand doublets and




























R = eR ;  
(2)
R = R ;  
(3)
R = R: (8:20)
Neutrinos have no right-hand singlets. The weak hypercharge for left-hand doublets
 
(i)
L is −1 and for right-hand singlet  (i)R is −2. All leptons carry no color charge.
In order to dene the wave function for quarks, we have to introduce Kabayashi-





−s1c2 c1c2c3 − s2s3ei c1c2s3 + s2c3ei




ci = cosi ; si = sini (i = 1; 2; 3) (8:22)
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and i are generalized Cabibbo angles. The mixing between three dierent quarks


























































where index a is color index. It is known that left-hand doublets have weak isospin 1
2
and weak hypercharge 1
3





d s have weak hypercharge −23 .
For gauge bosons, gravitational gauge eld is also denoted by C . The gluon







The color gauge covariant eld strength tensor is also given by eq.(8.18). The U(1)Y







where n is the Pauli matrix. The U(1)Y gauge eld strength tensor is given by
B = DB −DB; (8:28)
and the SU(2) gauge eld strength tensor is given by
F n = DF
n
 −DF n + gwlmnF lFm ; (8:29)
where gw is the coupling constant for SU(2) gauge interactions and the coupling
constant for U(1)Y gauge interactions is g
0
w.
If there exist Higgs particles in Nature, the Higgs elds is represented by a








The hypercharge of Higgs eld  is 1.
The Lagrangian L0 that describes four kinds of fundamental interactions is given
by
L0 = −∑3j=1  (j)L γ(D + i2g0wB − igwF) (j)L −∑3j=1 e(j)R γ(D + ig0wB)e(j)R
−∑3j=1 q(j)aL γ(D − igwF − i6g0wB − igcAk(k2 )ab)q(j)bL
−∑3j=1 q(j)au γ(D − i23g0wB − igcAk(k2 )ab)q(j)bu













−[(D − i2g0wB − igwF)]y  [(D − i2g0wB − igwF)]−2y+ (y)2
−∑3j=1 f (j)(e(j)R y (j)L +  (j)L e(j)R )
−∑3j=1(f (j)q(j)aL q(j)au + f (j)q(j)au yq(j)aL )










The full Lagrangian is given by
L = eI(C)L0: (8:33)
This Lagrangian describes four kinds of fundamental interactions in Nature. It has
SU(3)  SU(2)  U(1)  Gravitational Gauge Group symmetry. Four kinds of
fundamental interactions are formally unied in this Lagrangian. However, this uni-
cation is not a genuine unication.
From theoretical point of view and from aesthetic point of view, SU(5) grand
unication theory is more attractive than the standard model. In this model, sup-
pose that the traditional Lagrangian for SU(5) grand unication theory is denoted
as
L0(i; @i); (8:34)
where i contains all kinds of fundamental elds, then the corresponding Lagrangian
in gravitational gauge theory which formally unies those interactions with gravity
is







In fact, L0(i; @i) can be any Lagrangian that try to unify strong and electroweak
interactions. Finally, an important and fundamental problem is that, can we gen-
uine unify four kinds of fundamental interactions in a single group, in which there
44
is only one coupling constant for all kinds of fundamental interactions? This theory
may exist.
9 Classical Limit of Quantum Gravity
It is known that both Newton’s theory of gravity and Einstein’s general relativity
obtain immense achievements in astrophysics and cosmology. Any correct quantum
theory of gravity should return to these two theories in classical limit. In this chap-
ter, we will discuss the classical limit of the quantum gauge theory of gravity.
First, we discuss a important problem qualitatively. It is know that, in usual
gauge theory, such as QED, the coulomb force between two objects which carry like
electric charges is always mutual repulsive. Gravitational gauge theory is also a
kind of gauge theory, is the force between two static massive objects attractive or
repulsive? For the sake of simplicity, we use Dirac eld as an example to discuss
this problem. The discussions for other kinds of elds can be proceeded similarly.
Suppose that the gravitational eld is very weak, so both the gravitational eld
and the gravitational coupling constant are rst order innitesimal quantities. Then
in leading order approximation, both inertial energy-momentum tensor and gravi-
tational energy-momentum tensor give the same results, which we denoted as
T  =
 γ@ : (9:1)
The time component of the current is
T 0 = −i y@ =  yP^ : (9:2)
Its space integration gives out the energy-momentum of the system. The interaction
Lagrangian between Dirac eld and gravitational eld is given by eq.(6.7). After
considering the equation of motion of Dirac eld, the coupling between Dirac eld
and Gravitational gauge eld in the leading order is:
LI  gT C : (9:3)
The the leading order interaction Hamiltonian density is given by
HI  −LI  −gT C : (9:4)




 )− @@(2C ) = −gT  : (9:5)
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Let’s consider static gravitational interactions between two static objects. In
this case, the leading order component of energy-momentum tensor is T 00 , other
components of energy-momentum tensor is a rst order innitesimal quantity. So,
we only need to consider the equation of motion of  =  = 0 of eq.(9.5), which now
becomes
@@
C00 − @@0C0 = −gT 00 : (9:6)
For static problems, all time derivatives vanish. Therefor, the above equation is
changed into
r2C00 = −gT 00 : (9:7)
This is just the Newton’s equation of gravitational eld. Suppose that there is only
one point object at the origin of the coordinate system. Because T 00 is the negative
value of energy density, we can let












This is just the gravitational potential which is expected in Newton’s theory of grav-
ity.
Suppose that there is another point object at the position of point
!
x with mass









y T 02 0(
!
x)C00 ; (9:11)
with C00 is the gravitational potential generated by the rst point object, and T
0
2 0
is the (0; 0) component of the energy-momentum tensor of the second object,
T 02 0(
!
y ) = −m(!y − !x): (9:12)
The nal result for gravitational potential energy between two point objects is





The gravitational potential energy between two point objects is always negative,
which is what expected by Newton’s theory of gravity and is the inevitable result of
the attractive nature of gravitational interactions.
The gravitational force that the rst point object acts on the second point object
is
!






r =r. This is the famous formula of Newton’s gravitational force. There-
fore, in the classical limit, the gravitational gauge theory can return to Newton’s
theory of gravity.
Now, we want to ask a problem: why in QED, the force between two like elec-
tric charges is always repulsive, while in gravitational gauge theory, the force be-
tween two like gravitational charges is always attractive? A simple answer to this
fundamental problem is that the attractive nature of the gravitational force is an
inevitable result of Lorentz symmetry of the system. Because of the requirement
of Lorentz symmetry, the Lagrangian function given by eq.(4.20) must use metric
2 of group space, can not use the ordinary -function . It can be easily prove
that, if we use  instead of 2 in eq.(4.20), the Lagrangian of pure gravitational
gauge eld is not invariant under Lorentz transformation. On the other hand, if we
use  instead of 2 in eq.(4.20), the gravitational force will be repulsive which
obviously contradicts with experiment results. In QED,  is used to construct the
Lagrangian for electromagnetic elds, therefore, the interaction force between two
like electric charges is always attractive.
One fundamental influence of using the metric 2 in the Lagrangian of pure
gravitational eld is that the kinematic energy term of gravitation eld C0 is always
negative. This result is novels, but it is not surprising, for gravitational interaction
energy is always negative. In a meaning, it is the reflection of the negative nature of
graviton’s kinematic energy. Though the kinematic energy term of gravitation eld
C0 is always negative, the kinematic energy term of gravitation eld C
i
 is always
positive. The negative energy problem of graviton does not cause any trouble in
quantum gauge theory of gravity. Contrarily, it will help to understand some puz-
zle phenomenon of Nature. From theoretical point of view, the negative nature of
graviton’s kinematic energy is essentially an inevitable result of Lorentz symmetry.
Lorentz symmetry of the system, attractive nature of gravitational interaction force
and negative nature of graviton’s kinematical energy are essentially related to each
other, and they have the same origin in nature. We will return to discuss the nega-
tive energy problem again later.
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In general relativity, gravitational eld obeys Einstein eld equation, which is
usually given in the following form,
R − 1
2
gR+ g = −8GT ; (9:15)
where R is Ricci tensor, R is curvature, G is Newton gravitational constant and
 is cosmology constant. The classical limit of Einstein eld equation is
r2g00 = −8GT00: (9:16)
Compare this equation with eq.(9.7) and use eq.(5.24), we get
g2 = 4G: (9:17)
In order to get eq.(9.17), the following relations are used
T00 = −T 00 ; g00 ’ −(1 + 2gC00): (9:18)
In general relativity, Einstein eld equation transforms covariantly under gen-
eral coordinates transformation, in other words, it is a general covariant equation.
In gravitational gauge theory, the system has local gravitational gauge symmetry.
From mathematical point of view, general coordinates transformation is equivalent
to local gravitational gauge transformation. Therefore, it seems that two theories
have the same symmetry. On the other hand, both theories have Lorentz symmetry.
In the previous discussions, we have given out the relations between space-time
metric and gravitational gauge elds, which is shown in eq.(5.24). For scalar eld,
if the gravitational is not so strong and its variations with space-time is not so
great, we can select a local inertial reference system where gravity is completely
shielded, which is shown in eq.(5.23), where we can not directly see any coupling
between gravitational gauge eld and scalar eld. For a general macroscopic object,
its dynamical properties are more like real scalar eld. Therefore, in macroscopic
world, we can always select a local inertial reference system where all macroscopic
eects of gravitational interactions are put into the structure space-time, which is
the main point of view of general relativity. Now, let’s take this point of view to
study structures of space-time in the classical and macroscopic limit.









This is the Lagrangian for curved space-time. The local inertial reference system is
given by following coordinates transformation,










= (G−1) : (9:21)
Dene matrix G as
G = (G) = (

 − gC ): (9:22)
A simple form for matrix G is
G = I − gC; (9:23)
where I is a unitary matrix and C = (C ). Therefore,
G−1 =
1
I − gC : (9:24)















Using all these relations, we can prove that







Therefore, under this coordinates transformation, the space-time metric becomes
flat, in other words, we go into local inertial reference system. In this local inertial







Eq.(9.29) is just the Lagrangian for real scalar elds in flat Minkowski space-time.
49
Dene covariant metric tensor g as
g  (G−1)(G−1): (9:30)
It can be easily proved that
gg

















Using the following relation,





−1@G) − (G−1@G)]; (9:34)
where F  is the component eld strength of gravitational gauge eld, we get


















From this expression, we can see that, if there is no gravity in space-time, that is
C = 0 ; F

 = 0; (9:36)
then the ane connection Γ will vanish, which is what we expect in general rela-
tivity.
The curvature tensor R is dened by
R  @Γ − @Γ + ΓΓ − ΓΓ; (9:37)




and the curvature scalar R is dened by
R = gR: (9:39)
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The explicit expression for Ricci tensor R is
R = −(@@G G−1) + 2(@G G−1  @G G−1)






























−1  @G G−1  @G G−1)
+g(G
−1  @G G−1)(G−1  @G G−1)
−1
2
(G−1  @G G−1  @G) − 12(G−1  @G G−1  @G) + 12(G−1  @@G)
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
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The explicit expression for scalar curvature R is




(@G G−1) (@G G−1) − 2G(@G G−1  @G)










































From these expressions, we can see that, if there is no gravity, that is C vanishes,
then R and R all vanish. It means that, if there is gravity, the space-time is flat.
Now, let’s discuss some transformation properties of these tensors under general
coordinates transformation. Make a special kind of local coordinates translation,
x ! x0 = x + (x0): (9:42)
Under this transformation, the covariant derivative and gravitational gauge elds
transform as
D(x) ! D0(x0) = U^(x0)D(x0)U^−1 (x0); (9:43)









It can be proved that






We can see that Lorentz index  does not take part in transformation. In fact, all
Lorentz indexes do not take part in this kind of transformation. Therefore,
 ! 0 =  : (9:47)
Using all these relations, we can prove that
g(x) ! g0(x0) = 11g11(x); (9:48)
Rγ(x) ! R0γ(x0) =  1  1  γ1γ  1 g11γ11(x); (9:49)
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R(x) ! R0(x0) =  1  1 g11(x); (9:50)
R(x) ! R0(x0) = R(x): (9:51)
These transformation properties are just what we expected in general relativity.
In vacuum, there is no matter eld and the energy momentum tensor of matter
elds vanishes. Suppose that the self-energy of gravitational eld is small enough
to be neglected, that is
T  0; (9:52)
then Einstein eld equation becomes
G − 1
2
gR = 0: (9:53)
We will prove that, in the classical limit of gravitational gauge eld theory, the
Einstein eld equation of vacuum holds in the rst order approximation of gC .
Using relation eq.(9.22), we get
@G = −g@C; (9:54)
which is a rst order quantity of gC . In rst order approximations, eq.(9.40) and
eq.(9.41) are changed into
R = g@@C




















 − 2g@@C + o((gC)2): (9:56)
The equation of motion eq.(9.5) of gravitational gauge elds gives out the following














Using these two constraints, we can prove that R and R given by eqs.(9.55-56)
vanish:
R = 0; (9:59)
R = 0: (9:60)
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Therefore, Einstein eld equation of vacuum indeed hold in rst order approxima-
tion of gC .
Equivalence principle is one of the most important fundamental principles of
general relativity. But, as we have studied in previous chapters, the inertial energy-
momentum is not equivalent to the gravitational energy-momentum in gravitational
gauge theory. This result is an inevitable result of gauge principle. But all these
dierences are caused by gravitational gauge eld. In leading term approximation,
the inertial energy-momentum tensor T i is the same as the gravitational energy-
momentum tensor T g. Because gravitational coupling constant g is extremely small
and the strength of gravitational eld is also weak, it is hard to detect the dierence
between inertial mass and gravitational mass. Using gravitational gauge eld theory,
we can calculate the dierence of inertial mass and gravitational mass for dierent
kinds of matter and help us to test the validity of equivalence principle. This is a
fundamental problem which will help us to understand the nature of gravitational
interactions. We will return to this problem in chapter 12.
Through above discussions, we can make following two important conclusions:
1) the leading order approximation of gravitational gauge theory gives out Newton’s
theory of gravity; 2) in the rst order approximation, equation of motion of gravi-
tational gauge elds in vacuum gives out Einstein eld equation of vacuum.
10 Path Integral Quantization of Gravitational
Gauge Fields
For the sake of simplicity, in this chapter and the next chapter, we only discuss pure












This action has local gravitational gauge symmetry. Gravitational gauge eld C
has 4  4 = 16 degrees of freedom. But, if gravitons are massless, the system has
only 24 = 8 degrees of freedom. There are gauge degrees of freedom in the theory.
Because only physical degrees of freedom can be quantized, in order to quantize the
system, we have to introduce gauge conditions to eliminate un-physical degrees of
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freedom. For the sake of convenience, we take temporal gauge conditions
C0 = 0; ( = 0; 1; 2; 3): (10:3)
In temporal gauge, the generating functional W [J ] is given by





























We use this generation functional as our starting point of the path integral quanti-
zation of gravitational gauge eld.
Generally speaking, the action of the system has local gravitational gauge sym-
metry, but the gauge condition has no local gravitational gauge symmetry. If we
make a local gravitational gauge transformations, the action of the system keeps
unchanged while gauge condition will be changed. Therefore, through local gravita-
tional gauge transformation, we can change one gauge condition to another gauge
condition. The most general gauge condition is
f(C(x))− ’(x) = 0; (10:6)






 (f(gC(x))− ’(x)) ; (10:7)
where g is an element of gravitational gauge group, gC is the gravitational gauge eld





where (x) is the transformation parameter of U^. Both [Dg] and [DC] are not
invariant under gravitational gauge transformation. Suppose that,
[D(gg0)] = J1(g0)[Dg]; (10:9)
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[D gC] = J2(g)[DC]: (10:10)
J1(g) and J2(g) satisfy the following relations
J1(g)  J1(g−1) = 1; (10:11)
J2(g)  J2(g−1) = 1: (10:12)
It can be proved that, under gravitational gauge transformations, the Fadeev-Popov
determinant transforms as
−1f (
g0C) = J−11 (g
0)−1f (C): (10:13)
Insert eq.(10.7) into eq.(10.4), we get
W [J ] = N
∫














Make a gravitational gauge transformation,
C(x) ! g−1C(x); (10:15)
then,
gC(x) ! gg−1C(x): (10:16)
After this transformation, the generating functional is changed into
W [J ] = N
∫














Suppose that the gauge transformation g0(C) transforms general gauge condi-
tion f(C) − ’ = 0 to temporal gauge condition C0 = 0, and suppose that this
transformation g0(C) is unique. Then two -functions in eq.(10.17) require that the
integration on gravitational gauge group must be in the neighborhood of g−10 (C).
Therefore eq.(10.17) is changed into























The last line in eq.(10.18) will cause no trouble in renormalization, and if we consider
the contribution from ghost elds which will be introduced below, it will becomes
a quantity which is independent of gravitational gauge eld. So, we put it into
normalization constant N and still denote the new normalization constant as N .





 , this will cause no trouble in renormalization.
Then we get
W [J ] = N
∫
[DC] f (C)  [∏;z (f(C(z))− ’(z))]
expfi ∫ d4x(L+ JC )g: (10:19)
In fact, we can use this formula as our start-point of path integral quantization of












times both sides of eq.(10.19) and then make functional integration
∫
[D’], we get
W [J ] = N
∫












Now, let’s discuss the contribution from f (C) which is related to the ghost elds.
Suppose that g = U^ is an innitesimal gravitational gauge transformation. Then
eq.(4.12) gives out








D  = 

@ − gC@ + g@C : (10:23)




 + o(2): (10:24)
D can be regarded as the covariant derivate in adjoint representation, for
D = [D ; ]; (10:25)
(D)
 = D 
: (10:26)
Using all these relations, we have,







(y) + o(2): (10:27)
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D (z)(z − y):
(10:29)
Then eq.(10.28) is changed into
−1f (C) =
∫





f (C) = const: detM: (10:31)
Put this constant into normalization constant, then generating functional eq.(10.21)
is changed into
W [J ] = N
∫












In order to evaluate the contribution from detM, we introduce ghost elds (x)











= const: detM (10:33)
and put the constant into the normalization constant, we can get

























The appearance of the non-trivial ghost elds is a inevitable result of the non-Able
nature of the gravitational gauge group.
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Now, let’s take Lorentz covariant gauge condition,








And eq.(10.34) is changed into














where we have introduced external sources (x) and (x) of ghost elds.
The eective Lagrangian Leff is dened by
Leff  L− 1
2
f
f − (@)D : (10:39)
Leff can separate into free Lagrangian LF and interaction Lagrangian LI ,







































From the interaction Lagrangian, we can see that ghost elds do not couple to eI(C).
This is the reflection of the fact that ghost elds are not physical elds, they are
virtual elds. Besides, the gauge xing term does not couple to eI(C) either. Using
eective Lagrangian Leff , the generating functional W [J; ; ] can be simplied to











Use eq.(10.41), we can deduce propagator of gravitational gauge elds and ghost




















Denote the propagator of gravitational gauge eld as
−iF(x); (10:45)
and denote the propagator of ghost eld as
−iF(x): (10:46)














−@2F(x) =  (x): (10:48)

























F (k) are corresponding propagators in momentum space.
They satisfy the following equations,
2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F (k) = 

 : (10:52)









 − (1− ) kk











It can be seen that the forms of these propagators are quite similar to those in tra-
ditional non-Able gauge theory. The only dierence is that the metric is dierent.
The interaction Lagrangian LI is a function of gravitational gauge eld C and
ghost elds  and ,
LI = LI(C; ; ): (10:55)
Then eq.(10.43) is changed into,
W [J; ; ] = N
∫







































Finally, let’s discuss Feynman rules. Here, we only give out the lowest order
interactions in gravitational gauge theory. It is known that, a vertex can involve
arbitrary number of gravitational gauge elds. Therefore, it is impossible to list all
Feynman rules for all kinds of vertex.




)− g(@)(@C ): (10:58)
This vertex belongs to C (k)(q)
(p) three body interactions, its Feynman rule is
−ig qp + igqk: (10:59)
The lowest order interaction Lagrangian between gravitational gauge eld and Dirac
eld is
g  γ@ C

 − g1  γ@ C − gm1   C : (10:60)
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This vertex belongs to C (k)
 (q) (p) three body interactions, its Feynman rule is
−gγp + g1γp − img1: (10:61)










This vertex belongs to C (k)(q)(p) three body interactions, its Feynman rule is
−ig(pq + qp)− ig1(−pq +m2): (10:63)
The lowest order interaction Lagrangian between gravitational gauge eld and com-
plex scalar eld is
gC ((@)(@
) + (@)(@))− g1C ((@)(@) +m2): (10:64)
This vertex belongs to C (k)
(−q)(p) three body interactions, its Feynman rule
is
ig(pq + qp)− ig1(pq +m2): (10:65)












A0 = @A − @A: (10:67)
This vertex belongs to C (k)A(p)A(q) three body interactions. Its Feynman rule
is








pq − i2g1qp − igm21:
(10:68)
























 (r) three body interactions. Its Feynman rule
is













It could be found that all Feynman rules for vertex is proportional to energy-
momenta of one or more particles, which is one of the most important properties of
gravitational interactions. In fact, this interaction property is expected for gravita-
tional interactions, for energy-momentum is the source of gravity.
11 Renormalization
In gravitational gauge theory, the gravitational coupling constant has the dimension-
ality of negative powers of mass. According to traditional theory of power counting
law, it seems that the gravitational gauge theory is a kind of non-renormalizable
theory. But this result is not correct. The power counting law does not work here.
General speaking, power counting law does not work when a theory has gauge sym-
metry. If a theory has gauge symmetry, the constraints from gauge symmetry will
make some divergence cancel each other. In gravitational gauge theory, this mech-
anism works very well. In this chapter, we will give a strict formal proof on the
renormalization of the gravitational gauge theory. We will nd that the eect of
renormalization is just a scale transformation of the original theory. Though there
are innite number of divergent vertexes in the gravitational gauge theory, we need
not introduce innite number of interaction terms that do not exist in the origi-
nal Lagrangian and innite number of parameters. All the divergent vertex can
nd its correspondence in the original Lagrangian. Therefor, in renormalization,
what we need to do is not to introduce extra interaction terms to cancel divergent
terms, but to redene the elds, coupling constants and some other parameters
of the original theory. Because most of counterterms come from the factor eI(C),
this factor is key important for renormalization. Without this factor, the theory is
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non-renormalizable. In a word, the gravitational gauge theory is a renormalizable
gauge theory. Now, let’s start our discussion on renormalization from the generalized
BRST transformations. Our proof is quite similar to the proof of the renormaliz-
ablility of non-Able gauge eld theory.[10, 11, 12, 13, 14, 15]
The generalized BRST transformations are








 = 0; (11:4)
2 = g (2(@
) + 2(@
)) ; (11:5)
where  is an innitesimal Grassman constant. It can be strict proved that the
generalized BRST transformations for elds C and 
 are nilpotent:
(D 
) = 0; (11:6)
((@
)) = 0: (11:7)
It means that all second order variations of elds vanish.
Using the above transformation rules, it can be strictly proved the generalized
BRST transformation for gauge eld strength tensor F  is
F  = g
(
−(@)F  + (@F )
)
; (11:8)








Therefore, under generalized BRST transformations, the Lagrangian L given by
eq.(10.1) transforms as
L = g(@(L)): (11:10)
It is a total derivative term, its space-time integration vanish, i.e., the action of
eq.(10.2) is invariant under generalized BRST transformations,
(
∫
d4xL) = S = 0: (11:11)
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The non-renormalized eective Lagrangian is denoted as L[0]eff . It is given by

















eff = 0: (11:15)
This is a strict relation without any approximation. It is known that BRST symme-
try plays key role in the renormalization of gauge theory, for it ensures the validity
of the Ward-Takahashi identity.
Before we go any further, we have to do another important work, i.e., to prove
that the functional integration measure [DC][D][D] is also generalized BRST in-
variant. We have said before that the functional integration measure [DC] is not a
gauge invariant measure, therefore, it is highly important to prove that [DC][D][D]
is a generalized BRST invariant measure. BRST transformation is a kind of trans-
formation which involves both bosonic elds and fermionic elds. For the sake
of simplicity, let’s formally denote all bosonic elds as B = fBig and denote all
fermionic elds as F = fFig. All elds that involved in generalized BRST transfor-
mation are simply denoted by (B;F ). Then, generalized BRST transformation is
formally expressed as
(B;F ) ! (B0; F 0): (11:16)
The transformation matrix of this transformation is
J =








































Matrixes a and b are bosonic square matrix while  and  generally are not square
matrix. In order to calculate the Jacobian det(J). we realize the transformation
(11.16) in two steps. The rst step is a bosonic transformation
(B;F ) ! (B0; F ): (11:22)




















dFk  det(a− b−1): (11:25)
The second step is a fermionic transformation,
(B0; F ) ! (B0; F 0): (11:26)







Its Jacobian is the inverse of the determinant of the transformation matrix,
(det J2)
−1 = (det b)−1: (11:28)











dF 0k  det(a− b−1)(det b)−1: (11:29)
For generalized BRST transformation, all non-diagonal matrix elements are pro-
portional to Grassman constant . Non-diagonal matrix  and  contains only
non-diagonal matrix elements, so,
b−1 / ()2 = 0: (11:30)
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dF 0k  det(a)  (det b)−1: (11:31)
Generally speaking, C and @C

 are independent degrees of freedom, so are 
 and
@
. Using eqs.(11.1-3), we obtain


























In the second line of eq.(11.32), there is no summation over the repeated  index.
Using these two relations, we have
det(a)  (det b)−1 = ∏
x
1 = 1: (11:34)
Therefore, under generalized BRST transformation, functional integrational mea-
sure [DC][D][D] is invariant,
[DC][D][D] = [DC 0][D0][D0]: (11:35)
Though both [DC] and [D] are not invariant under generalized BRST transforma-
tion, their product is invariant under generalized BRST transformation. This result
is interesting and important.
The generating functional W [0][J ] is










dd    f(; ) = 0; (11:37)
where f(; ) is a bilinear function of  and , we have
∫








If all elds are the elds after generalized BRST transformation, eq.(11.38) still
holds, i.e.
∫




d4y(L0[0]eff(y) + J(y)C 0 (y))
}
= 0; (11:39)
where L0[0]eff is the eective Lagrangian after generalized BRST transformation. Both
functional integration measure and eective action
∫
d4yL0[0]eff(y) are generalized




































W [0][y; x; J ] = 0; (11:41)
where










This is the generalized Ward-Takahashi identity for generating functional W [0][J ].
Now, let’s introduce the external sources of ghost elds, then the generation
functional becomes










In renormalization of the theory, we have to introduce external sources K and L




Then the eective Lagrangian becomes
L
[0]























(C; ; ;K; L): (11:46)















The generating functional now becomes,

















In previous discussion, we have already proved that S
[0]
eff is generalized BRST in-
variant. External sources K and L keep unchanged under generalized BRST
transformation. Using nilpotent property of generalized BRST transformation, it is













) = 0; (11:50)
(gL
(@
)) = 0: (11:51)



























































 = 0: (11:54)




























In generation functional W [0][J; ; ;K; L], all elds are integrated, so, if we set
all elds to the elds after generalized BRST transformations, the nal result should















Both action (11.46) and functional integration measure [DC][D][D] are generalized
































On the other hand, because the ghost eld  was integrated in W
[0][J; ; ;K; L],

















0 =  + : (11:60)












































[J; ; ;K; L] = −i ln W
[0]
[J; ; ;K; L]: (11:63)













[J; ; ;K; L]
− ∫ d4x (JC +  + ) :
(11:64)













































































































































Using relations (11.68-70) and denition of generating functional (11.57), we can
















































































































 = 0: (11:79)
















In above equation, the factor −i@ 
K(x)
+ (x) can move out of functional inte-














In order to obtain this relation, (11.57), (11.77) and (11.70) are used.
Dene


















































































Eqs.(11.88-89) are generalized Ward-Takahashi identities of generating functional






is the generating functional of regular vertex with
external sources, which is constructed from the Lagrangian
L
[0]
eff . It is a functional




























 1(y1)2(y2)C11 (x1)   Cnn (xn)d4y1d4y2d4x1   d4xn
+    :
(11:90)
In this functional expansion, the expansion coecients are regular vertexes with
external sources. Before renormalization, these coecients contain divergences. If
we calculate these divergences in the methods of dimensional regularization, the form
of these divergence will not violate gauge symmetry of the theory[17, 18]. In other
words, in the method of dimensional regularization, gravitational gauge symmetry is
not violated and the generating functional of regular vertex satises Ward-Takahashi
identities (11.88-89). In order to eliminate the ultraviolet divergences of the theory,
we need to introduce counterterms into Lagrangian. All these counterterms are





Because L contains all counterterms, Leff is the Lagrangian density after complete
renormalization. The generating functional of regular vertex which is calculate from
Leff is denoted by

Γ. The regular vertexes calculated from this generating functional

Γ contain no ultraviolet divergence anymore. Then let external sources K and L




The regular vertexes which are generated from Γ will contain no ultraviolet di-
vergence either. Therefore, the S-matrix for all physical process are nite. For
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a renormalizable theory, the counterterm L only contain nite unknown parame-
ters which are needed to be determined by experiments. If conterterm L contains
innite unknown parameters, the theory will lost its predictive power and it is con-
ventionally regarded as a non-renormalizable theory. Now, the main task for us is
to prove that the conterterm L for the gravitational gauge theory only contains a
few unknown parameters. If we do this, we will have proved that the gravitational
gauge theory is renormalizable.
Now, we use inductive method to prove the renormalizability of the gravitational
gauge theory. In the previous discussion, we have proved that the generating func-
tional of regular vertex before renormalization satises Ward-Takahashi identities
(11.88-89). The eective Lagrangian density that contains all counterterms which







ating functional of regular vertex which is calculated from
L
[L]
. The regular vertex




will contain no divergence if the number of the loops of




satises Ward-Takahashi identities if L = 0. Hypothesis that Ward-Takahashi






















Our goal is to prove that Ward-Takahashi identities are also satised when L = N+1.
















Then (11.94) will be simplied to
Γ[N ]  Γ[N ] = 0: (11:96)
Γ[N ] contains all contributions from all possible diagram with arbitrary loops. The
contribution from l-loop diagram is proportional to hl. We can expand Γ[N ] as a










M is the contribution from all M-loop diagrams. According to our inductive
hypothesis, all Γ
[N ]
M are nite is M  N . Therefore, divergence rst appear in Γ[N ]N+1.





M  Γ[N ]L = 0: (11:98)





M  Γ[N ]N−M+1 = 0: (11:99)
Γ
[N ]
N+1 can separate into two parts: nite part
Γ
[N ]














N+1;div is a divergent function of (4−D) if we calculate loop diagrams in dimensional
regularization. In other words, all terms in Γ
[N ]
N+1;div are divergent terms when (4−D)




N+1;div  Γ[N ]0 + Γ[N ]0  Γ[N ]N+1;div = 0: (11:101)
Γ
[N ]
N+1;F has no contribution to the divergent part. Because Γ
[N ]
0 represents contribu-




















Then (11.101) is changed into
Γ
[N ]
N+1;div  Γ0 + Γ0  Γ[N ]N+1;div = 0: (11:104)












The nite part Γ
[N ]













The operator g^ is dened by






















Using this denition, (11.104) simplies to
g^Γ
[N ]
N+1;div = 0: (11:108)
It can be strictly proved that operator g^ is a nilpotent operator, i.e.
g^2 = 0: (11:109)
Suppose that f [C] is an arbitrary functional of gravitational gauge eld C which
is invariant under local gravitational gauge transformation. f [C] is invariant under
generalized BRST transformation. The generalized BRST transformation of f [C] is







Because  is an arbitrary Grassman variable, (11.110) gives out







Because f [C] is a functional of only gravitational gauge elds, its functional deriva-










Using these relations, (11.111) is changed into
f [C] = g^f [C]: (11:115)
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The generalized BRST symmetry of f [C] gives out the following important property
of operator g^,
g^f [C] = 0: (11:116)
Using two important properties of operator g^ which are shown in eq.(11.109)




N+1;div = f [C] + g^f
0[C; ; ;K; L]; (11:117)
f [C] is a gauge invariant functional and f 0[C; ; ;K; L] is an arbitrary functional of
elds C (x), 
(x), (x) and external sources K

(x) and L(x).
Now, let’s consider constrains from eq.(11.105). Using eq.(11.112) and eq.(11.114),
we can see that f [C] satises eq.(11.105), so eq.(11.105) has no constrain on f [C].
Dene a new variable
B = K

 − @: (11:118)




















There f1[B] is a solution to eq.(11.106). Suppose that there is another functional f2
that is given by,




 (C; ; L); (11:122)
where T  is a conserved current
@T  = 0: (11:123)
It can be easily proved that f2[K;C; ; L] is also a solution of eq.(11.105). Be-





. It means that functional f 0[C; ; ;K; L] in eq.(11.117) must sat-
isfy eq.(11.106). According to these discussion, the solution of f 0[C; ; ;K; L] has
the following form,




 (C; ; L): (11:124)
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In order to determine f 0[C; ; ;K; L], we need to study dimensions of various
elds and external sources. Set the dimensionality of mass to 1, i.e.
D[P^] = 1: (11:125)
Then we have
D[C ] = 1; (11:126)
D[d4x] = −4; (11:127)
D[D] = 1; (11:128)
D[] = D[] = 1; (11:129)
D[K] = D[L] = 2; (11:130)
D[g] = −1; (11:131)
D[Γ
[N ]
N+1;div] = D[S] = 0: (11:132)
Using these relations, we can prove that
D[g^] = 1; (11:133)
D[f 0] = −1: (11:134)
Dene virtual particle number Ng of ghost eld  is 1, and that of ghost eld  is
-1, i.e.
Ng[] = 1; (11:135)
Ng[] = −1: (11:136)
The virtual particle number is a additive conserved quantity, so Lagrangian and
action carry no virtual particle number,
Ng[S] = Ng[L] = 0: (11:137)
The virtual particle number Ng of other elds and external sources are
Ng[C] = Ng[D] = 0; (11:138)
Ng[g] = 0; (11:139)
Ng[Γ] = 0; (11:140)
Ng[K] = −1; (11:141)
Ng[L] = −2: (11:142)
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Using all these relations, we can determine the virtual particle number Ng of g^ and
f 0,
Ng[g^] = 1; (11:143)
Ng[f
0] = −1: (11:144)
According to eq.(11.134) and eq.(11.144), we know that the dimensionality of f 0 is
−1 and its virtual particle number if also −1. Besides, f 0 must be a Lorentz scalar.
Combine all these results, the only two possible solutions of f1[C; ;K

 − @; L]
in eq.(11.124) are
(K − @)C ; (11:145)
L: (11:146)
The only possible solution of T  is C

 . But in general gauge conditions, C

 does not
satisfy the conserved equation eq.(11.123). Therefore, the solution to f 0[C; ; ;K; L]
is linear combination of (11.145) and (11.146), i.e.






 − @)C + γN+1(")L
]
; (11:147)
where " = (4−D), N+1(") and γN+1(") are divergent parameters when " approaches
zero. Then using the denition of g^, we can obtain the following result,













The only possible solution to f [C] of eq.(11.117) which is constructed only from
gravitational gauge elds is the action S[C] of gauge elds. Therefore, the most


























In fact, the action S[C] is a functional of pure gravitational gauge eld. It
also contains gravitational coupling constant g. So, we can denote it as S[C; g].
From eq.(4.20), eq.(4.24) and eq.(4.25), we can prove that the action S[C; g] has the
following important properties,
S[gC; 1] = g2S[C; g]: (11:150)
80













































































































































































































































































































This is the most general form of Γ
[N ]
N+1;div which satises Ward-Takahashi identities.
According to minimal subtraction, the counterterm that cancel the divergent
part of Γ
[N ]







[N ] −Γ[N ]N+1;div + o(hN+2); (11:167)
where the term of o(hN+2) has no contribution to the divergences of (N + 1)-loop
diagrams. Suppose that Γ
[N+1]










N+1 − Γ[N ]N+1;div: (11:168)









N+1 contains no divergence which is just what we expected.




. Denote the non-renormalized








[C ; ; 
; K ; L; g; ]: (11:170)
As one of the inductive hypothesis, we suppose that the action of the system after
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 ; ; 


























































































































































































































































































We can see that this relation has just the form of rst order functional expansion.








[C ; ; 



















































































































[C ; ; 





























Using eq.(11.186), we can easily prove that
Γ[N+1][C ; ; 



























In above discussions, we have proved that, if we suppose that when L = N
eq.(11.171) holds, then it also holds when L = N + 1. According to inductive
principle, we know that eq.(11.186-187) hold for any positive integer N , that is

S [C ; ; 


















Γ[C ; ; 



















































S [C ; ; 
; K; L; g; ] and
Γ[C ; ; 
; K ; L; g; ] are renormalized action
and generating functional of regular vertex. The generating functional of regular
vertex Γ contains no divergence. All kinds of vertex that generated from Γ are
nite. From eq.(11.188) and eq.(11.189), we can see that we only introduce three




Z and Zg. Therefore, gravitational gauge theory
is a renormalizable theory.
From eq.(11.189) and eqs.(11.88-89), we can deduce that the renormalized gen-










































g0 = Zgg; (11:200)
0 = Z: (11:201)




 ; ; 








0; L0; g0; 0]; (11:202)
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Γ[C ; ; 





0; L0; g0; 0]: (11:203)
C0, 0 and 

0 are renormalized wave function, K

0 and L0 are renormalized ex-
ternal sources, and g0 is the renormalized gravitational coupling constant.
12 Theoretical Predictions
The gravitational gauge eld theory which is discussed in this paper is renormaliz-
able. Its transcendental foundation is gauge principle. Gravitational gauge interac-
tions is completely determined by gauge symmetry. In other words, the Lagrangian
of the system is completely determined by gauge symmetry. Anyone who is familiar
with traditional quantum gravity must have realized that gravitational gauge the-
ory is quite dierent from the traditional quantum gravity. In this chapter, we plan
to discuss some predictions of the theory which is useful for experimental research
and is useful for testing the validity of the theory. Now, let’s discuss them one by one.
1. [Gravitational Wave ]In gravitational gauge theory, the gravitational gauge
eld is represented by C. From the point of view of quantum eld theory,
gravitational gauge eld C is a vector eld and it obeys dynamics of vector
eld. Therefore, gravitational wave is vector wave. Suppose that the gravita-
tional gauge eld is very weak in vacuum, then in leading order approximation,
the equation of motion of gravitational wave is
@F 0 = 0; (12:1)
where F 0 is given by eq.(5.9). If we set gC

 equals zero, we can obtain
eq.(12.1) from eq.(4.39). Eq.(12.1) is very similar to the famous Maxwell
equation in vacuum. Dene
F ij = −"ijkBk ; F 0i = Ei ; (12:2)























If there were no superscript , eqs.(12.3-6) would be the ordinary Maxwell
equations. In ordinary case, the strength of gravitational eld in vacuum is
extremely weak, so the gravitational wave in vacuum is composed of four in-
dependent vector waves.
Though gravitational gauge eld is a vector eld, its component elds C have
one Lorentz index  and one group index . Both indexes have the same be-
havior under Lorentz transformation. According to the behavior of Lorentz
transformation, gravitational eld likes a tensor eld. We call it pseudo-tensor
eld. The spin of a eld is determined according to its behavior under Lorentz
transformation, so the spin of gravitational eld is 2. In conventional quantum
eld theory, spin-1 eld is a vector eld, and vector eld is a spin-1 eld. In
gravitational gauge eld, this correspondence is violated. The reason is that,
in gravitational gauge eld theory, the group index contributes to the spin of
a eld, while in ordinary gauge eld theory, the group index do not contribute
to the spin of a eld. In a word, gravitational eld is a spin-2 vector eld.
2. [Gravitational Magnetic Field ]From eq.(12.3-6), we can see that the equa-
tions of motion of gravitational wave in vacuum is quite similar to that of
electromagnetic wave. The phenomenological behavior of gravitational wave





is called the gravitational magnetic eld. It will transmit grav-
itational magnetic interactions between two rotating objects. In rst order
approximation, the equation of motion of gravitational gauge eld is
@F  = −g2 T g: (12:7)
Using eq.(12.2) and eq.(12.7), we can get the following equations
r !E






























 = 0: (12:11)
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Eq.(12.8) means that energy-momentum density of the system is the source
of gravitational electric elds, eq.(12.9) means that time-varying gravitational
electric elds give rise to gravitational magnetic elds, eq.(12.13) means that
time-varying gravitational magnetic elds give rise to gravitational electric
elds, and eq.(12.12) means that gravitational magnetic elds are source-free
elds and that there are no free gravitational magnetic poles. Suppose that the
angular momentum of an rotating object is Ji, then there will be a coupling
between angular momentum and gravitational magnetic elds. The interac-






of gravitational magnetic elds is important for cosmology. It is known that
almost all galaxies in the universe rotate. The global rotation of galaxy will
give rise to gravitational magnetic elds in space-time. The existence of grav-
itational magnetic elds will aect the moving of stars in (or near) the galaxy.
This influence contributes to the formation of the galaxy and can explain why
almost all galaxies have global large scale structures. In other words, the grav-
itational magnetic elds contribute great to the large scale structure of galaxy
and universe.
3. [Lorentz Force ]There is a force when a particle is moving in a gravitational
magnetic eld. In electromagnetic eld theory, this force is usually called
Lorentz force. As an example, we discuss gravitational interactions between
gravitational eld and Dirac eld. According to eqs.(6.2-3), the interaction
Lagrangian is
LI = geI(C)  γ@ C : (12:14)
For Dirac eld, the gravitational energy-momentum of Dirac eld is
T g =
 γ@ : (12:15)
Substitute eq.(12.15) into eq.(12.14), we get
LI = geI(C)T gC : (12:16)
The interaction Hamiltonian density HI is
HI = −LI = −geI(C)T g(x)C (x): (12:17)
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Suppose that the moving particle is a mass point at point
!
x, in this case




y − !x); (12:18)






y HI(y) = −geI(C)T gC (x): (12:19)
The gravitational force that acts on the mass point is
fi = −@iHI = geI(C)T 0g(@iC0 ) + geI(C)T jg(@iCj ): (12:20)
For mass point, using the technique of Lorentz covariance analysis, we can
proved that
PgU
 = γT g; (12:21)
where U is velocity, γ is the rapidity, and Pg is the gravitational energy-





y T 0g(y) = T
0
g: (12:22)
















U =γ is the velocity of the mass point. The rst term of eq.(12.23) is
the classical Newton’s gravitational interactions. The second term of eq.(12.23)
is the Lorentz force. The direction of this force is perpendicular to the direc-
tion of the motion of the mass point. When the mass point is at rest or is
moving along the direction of the gravitational magnetic eld, this force van-
ishes. The last term of eq.(12.23) represents an unknown force. If we only
make relativistic generalization of the classical Newton’s gravitational force,
this term vanishes. Lorentz force is important for cosmology, because the rota-
tion of galaxy will generate gravitational magnetic eld and this gravitational
magnetic eld will aect the motion of stars and aect the large scale structure
of galaxy.
4. [Gravitational Radiation ]First, let’s discuss inertial energy of pure gravita-
tional wave. Suppose that the gravitational wave is not so strong, so the higher
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order contribution is very small. We only consider leader order contribution





= −2γF γ + g2γCF γ: (12:24)
From eq.(4.32), we can get the inertial energy-momentum tensor of gravita-
tional eld in the leading order approximation, that is



















Space integral of time component of inertial energy-momentum tensor gives
out inertial energy Hi and inertial momentum
!




























I(C)Ej (rCk ): (12:28)
In order to obtain eq.(12.27), eq.(12.3) is used. Let consider the inertial energy-
momentum of gravitaional eld C0. Because,


















Hi is a negative quantity. It means that the inertial energy of gravitational
eld C0 is negative. The gravitational energy-momentum of pure gravitational
gauge eld is given by eq.(4.40). In leading order approximation, it is





 ) + 

1L0
−2@(CF ) + 21 (@C)F :
(12:31)






x [−ij2γEi (@Cγj ) + 01L0 − ij2@0(C0jEi )]: (12:32)
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Hg is also negative. It means that the gravitational energy of gravitational
eld C0 is negative. In other words, gravitational gauge eld C
0
 has negative
gravitational energy and negative inertial energy. But, inertial mass is not
equivalent to gravitational mass for pure gravitational gauge eld.
Because gravitational gauge eld C is a vector eld, its dominant radiation
is gravitational dipole radiation. Now, let’s discuss gravitational dipole radia-
tion. The equation of motion of gravitational gauge eld is
@F  = −g2 T g: (12:34)
For the sake of simplicity, suppose that the strength of gravitational gauge
eld is weak, i.e.
gC  1: (12:35)
Then in leading order approximation, eq.(12.34) gives out
@(@C

 − @C ) = −g2 T g: (12:36)
If we adopt Lorentz gauge
@C = 0; (12:37)
then eq.(12.36) is changed into
@@C

 = −g2 T g: (12:38)
T g is a function of space-time,





The solution to eq.(12.38) is
C (
!
x; t) = g

2










r = j !x − !y j: (12:41)
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Suppose that the object is a mass point. Then in the center of mass system












r− !v  !r ; (12:43)
where M is the gravitational mass of the mass point,
!
v is the velocity of the
mass point. In the above function, all variables are functions of t0 = t − r.
Suppose that the velocity of the mass point is much less that the speed of





































In order to calculate the radiation power, let’s rst determine the radiation
energy flux density. Suppose that there is a space region which is denoted as
 whose surface is denoted as Ω. The gravitational force density is denoted as
!




v (x). Then in one unit
time, the work that the system obtained from gravitational eld is∫

!
f  !v d3 !x : (12:46)
Suppose that w(x) is the energy density of the system. Then is one unit time,








Supposed that the energy flux density is
!
S. Then in one unit time, the energy





S d != −
∫

(r !S)d3 !x : (12:48)





















= − !f  !v : (12:50)
For the sake of simplicity, suppose that the gravitational gauge eld is very
weak, then in leading order approximation, eI(C)  1. Using eq.(12.23), we
get
!
f  !v= −gT igEi + gT igvj(@iCj ): (12:51)
Using eq.(12.9) and eq.(12.13), we get
!
f  !v = −r  (!E
  !B)− @@t [12(
!
E













j ) = g@i(T
i
gv
jCj )− gCj @i(T igvj): (12:53)




j = 0: (12:54)
The gravitational energy-momentum tensor is a conserved current, i.e.
@T

g = 0: (12:55)




j ) = g@i(T
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gv






Substitute eq.(12.56) into eq.(12.52), we get
!
f  !v = −r  (!E
  !B)− @@t [12(
!
E

























This is the gravitational energy flux density. We use it to calculate the gravi-
tational radiation power.
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In eq.(12.45), the rst term represents classical Newton’s gravity, which has no
contribution to gravitational radiation. The the radiative gravitational electric




















































































r  !v ))] +    :
(12:61)
5. [Repulsive Force ]The classical gravitational interactions are attractive in-
teractions. But in gravitational gauge theory, there are repulsive interactions
as well as attractive interactions. The gravitational force is given by eq.(12.20).









i − PgjEji );
(12:63)
where M1 is the gravitational mass of the mass point which is in gravitational
eld. Suppose that the gravitational eld is generated by another mass point
whose gravitational energy-momentum is Qg and gravitational mass is M2.
















where E1g and E2g are gravitational energy of two mass point. From eq.(12.65),




Qg is positive, the corresponding gravitational force
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between two momentum is repulsive. This repulsive force is important for the
stability of some celestial object. For relativistic system, all mass point moving





approximately the same magnitude as that of E1gE2g, therefore, for relativistic
systems, the gravitational attractive force is not so strong as the force when
all mass points are at rest.
6. [Massive Graviton ]We have discussed pure gravitational gauge eld in chap-
ter 4. From eq.(4.20), we can see that there is no mass term of graviton in
the Lagrangian. We can see that, if we introduce mass term of graviton into
Lagrangian, the gravitational gauge symmetry of the action will be violated.
Therefore, in that model, the graviton is massless. However, just from this
Lagrangian, we can not say that there is no massive graviton in Nature. In
literature [19], a new mechanism for mass generation of gauge eld is pro-
posed. The biggest advantage of this mass generation mechanism is that the
mass term of gauge elds does not violate the local gauge symmetry of the
Lagrangian. This mechanism is also applicable to gravitational gauge theory.
In order to introduce mass term of gravitational gauge elds, we need two
sets of gravitational gauge elds simultaneously. Suppose that the rst set of
gauge elds is denoted as C , and the second set of gauge elds is denoted as
C2. Under gravitational gauge transformation, they transform as












Then, there are two gauge covariant derivatives,
D = @ − igC(x); (12:68)
D2 = @ + igC2(x); (12:69)
and two dierent strengths of gauge elds,
F =
1




[D2 ; D2 ]: (12:71)
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The explicit forms of eld strengths are
F = @C(x)− @C(x)− igC(x)C(x) + igC(x)C(x); (12:72)
F2 = @C2(x)− @C2(x) + igC2(x)C2(x)− igC2(x)C2(x): (12:73)
The explicit forms of component strengths are
F  = @C

 − @C − gC@C + gC @C ; (12:74)
F 2 = @C

2 − @C2 + gC2@C2 − gC2@C2: (12:75)
Using eq.(12.66-67), we can obtain the following transformation properties,
D(x) ! D0(x) = U^D(x)U^−1 ; (12:76)
D2(x) ! D02(x) = U^D2(x)U^−1 ; (12:77)
F ! F 0 = U^FU^−1 ; (12:78)
F2 ! F 02 = U^F2U^−1 ; (12:79)
(C + C2) ! (C 0 + C 02) = U^(C + C2)U^−1 : (12:80)
The Lagrangian of the system is













The full Lagrangian is dened by eq.(4.24) and the action is dened by eq.(4.25).
It is easy to prove that the action S has local gravitational gauge symmetry.
From eq.(12.81), we can see that there is mass term of gravitational gauge
elds. Make a rotation,
C3 = cosC + sinC2; (12:82)
C4 = −sinC + cosC2; (12:83)
where  is given by
cos = 1=
p
1 + 2; sin = =
p
1 + 2: (12:84)










So, the gravitational gauge eld C3 is massive whose mass is m while gravi-
tational gauge eld C4 keep massless.
The existence of massive graviton in Nature is very important for cosmology.
Because the coupling constant for gravitational interactions and the massive
graviton only take part in gravitational interactions, the massive graviton must
be a relative stable particle in Nature. So, if there is massive graviton in Na-
ture, there must be a huge amount of massive graviton in Nature and massive
graviton will contribute great to dark matter.
7. [Gravitational Red Shift ]Some celestial objects, such quasars, have great
red shift. This new quantum theory of gravity will help us to understand some
kinds of big red shift. Supposed that a photon which is emitted from an atom
on earth has denite energy E0. It is known that on earth, the gravitational
eld is very weak, i.e.
g1C

  1; (12:86)
therefore, the factor eI(C) is almost 1 on earth. If the atom is not on earth,
but on a celestial object which has strong gravitational eld, according to
eq.(5.20), eq.(6.18), and eq.(7.17), the inertial energy of the photon is
eI(C)  E0: (12:87)
Suppose that the gravitational mass of celestial object is M , according to




According to eq.(12.19), at that place that the photon is emitted, the gravita-






When this photon arrive earth, its inertial energy is
E0  exp(−GM
r
)  (1− GM
r
): (12:90)




)  (1− GM
r
)−1 − 1: (12:91)
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If the mass of the celestial object is very big and the radius of the celestial
object is small, its red shift is big. As an example, suppose that GM
r
 0:6, its
gravitational red shift is about 3.6. In other words, the gravitational red shift
predicted by gravitational gauge theory is much larger than that predicted by
general relativity.
8. [Violation of Inverse Square Law And Black Hole ]It is known that
classical Newton’s theory of gravity says that gravity obeys inverse square
law. According gravitational gauge theory, the inverse square law will be
violated by strong gravitational eld. According to eq.(12.65) and eq.(9.10),








where M and M2 are gravitational masses of two objects. In eq.(12.92), we
have supposed that M2 is much less that M . We can clearly see that the factor
exp(−GM
r
) violates inverse square law. We can also see that, if the distance r
approaches zero, the gravitational force does not approach innity. This result
is important for cosmology. If there were no the factor exp(−GM
r
) and if the
distance r approaches zero, the gravitational force would approach innity.
For black hole, there is no force that can resist gravitational force, therefore,
black hole will collapse forever until is becomes a singularity in space-time.
Because of the existence of the factor exp(−GM
r
), the gravitational force does
not obey inverse square law, and therefore the black hole will not collapse
forever. In this point of view, black hole is not a singularity in space-time, and
therefore, black hole has its own structure.
According to eq.(12.19), the gravitational potential (r) which is generated by







Suppose that the gravitational mass M is a constant. From eq.(12.93), we
can see that, when distance r approaches zero or innity, the gravitational
potential approaches zero. But if distance r is a nite but non-zero, the gravi-
tational potential is negative. There must be a denite distance R0 where the
gravitational potential reaches its minimum. The distance R0 is given by
d
dr
(r)jr=R0 = 0: (12:94)
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Using eq.(12.93), we can easily determine the value of R0,
R0 = GM: (12:95)
From eq.(12.91), we know that, when r = R0, the gravitational red shift is
innity, and therefore outside world can not see anything happens in this ce-
lestial object. In other words, if the radius of an celestial object is R0, it will
be a black hole, and the gravitational potential reaches its minimum at the
surface of the celestial object.
Suppose that there is a mass point with mass m locate at the surface of the
celestial object. According to eq.(12.92), the gravitational force that acts on






Suppose that the gravitational force f(r) is strongest at distance R1. The
distance R1 is given by
d
dr
f(r)jr=R1 = 0: (12:97)








So, when the distance r becomes shorter than R1, the gravitational force will
become weaker. The radius of black hole is determined by the balance where
gravitational force is equivalent to pressure.
Besides, the renormalization eects will change the value of gravitational cou-
pling constant g, and therefore aect inverse square law. This eect is a
quantum eect.
9. [Energy Generating Mechanism ]It is known that some celestial objects,
such as quasar, pulsar,   , radiate huge amount of energy at one moment.
Where is the energy comes from? We know that the gravitational eld of
these celestial objects are very strong, and therefore the gravitational wave
radiation will also be very strong. According to gravitational gauge theory,
the inertial energy of gravitational eld C0 is negative. For ordinary celestial
objects, their moving speed is much less than the speed of light. In this case,
the dominant component of gravitational wave is C0, therefore, gravitational
wave carries negative inertial energy. It means that ordinary celestial objects
obtain inertial energy through gravitational wave radiation. It is the source of
100
part of the thermal radiation energy of these celestial objects.
Gravitational wave radiation may cause disastrous consequence for black hole.
Black holes can obtains inertial energy through gravitational wave radiation,
but it can not radiate inertial energy to outside world. As a result of gravi-
tational wave radiation, the inertial energy of black hole becomes larger and
larger, its temperature becomes higher and higher, and its pressure becomes
higher and higher. Then at a time, gravitational force can not resist pressure
from inside of the block hole. It will burst and release huge amount of inertial
energy at a relative short time.
10. [Dark Matter ]Dark matter is an important problem in cosmology. In gravi-
tational gauge eld theory, the following eects are helpful to solve this prob-
lem: 1) The existence of massive graviton will also contribute some to dark
matter. 2) If the gravitational magnetic eld is strong inside a celestial system,
the Lorentz force will provide additional centripetal force for circular motion
of a celestial object. 3) The existence of the factor eI(C) violate inverse square
law of classical gravity. Besides, there are a lot of other possibilities which is
widely discussed in literature. I will not list them here, for they have nothing
to do with the gravitational gauge theory.
11. [Particle Accelerating Mechanism ]It is known that there are some cosmic
rays which have extremely high energy. It is hard to understand why some cos-
mic particles can have energy as high as 1021 eV. Gravitational gauge theory
gives a possible explanation for this phenomenon. According to gravitational
gauge theory, there are strong gravitational magnetic eld inside a galaxy. A
cosmic particle will make circular motion around the center of galaxy under
Lorentz force which is provided by gravitational magnetic eld and classical
Newton’s gravitational force. These cosmic particles will radiate gravitational
wave when they moving in gravitational eld. Because gravitational wave car-
ries negative inertial energy, cosmic particles will be accelerated when they
radiate gravitational wave. If this explanation is correct, most cosmic parti-
cles which have extremely high energy will come from the center of a galaxy.
12. [Equivalence Principle ]Equivalence principle is one of the most important
foundations of general relativity, but it is not a logic starting point of grav-
itational gauge eld theory. The logic starting point of gravitational gauge
eld theory is gauge principle. However, one important inevitable result of
gauge principle is that gravitational mass is not equivalent to inertial mass.
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The origin of violation of equivalence principle is gravitational eld. If there
were no gravitational eld, equivalence principle would strictly hold. But if
gravitational eld is strong, equivalence principle will be strongly violated.
For some celestial objects which have strong gravitational eld, such as quasar
and black hole, their gravitational mass will be higher than their inertial mass.
But on earth, the gravitational eld is very weak, so the equivalence principle
almost exactly holds. We need to test the validity of equivalence principle in
astrophysics experiments.
13. [New Energy Source ]It is known that one of the biggest problem for the
development of civilization of human kind in future is the energy crisis. How-
ever, gravitational gauge eld theory provides an everlasting energy source for
both human kind and the whole universe. Two hundred years ago, human
kind does not know how to utilize electric energy, but now most energy comes
from electric energy. It is believed that, human kind will eventually know how
to utilize gravitational energy in future.
13 Summarize
In this paper, we have discussed a completely new quantum gauge theory of gravity.
Finally, we give a simple summarize to the whole theory.
1. In leading order approximation, the gravitational gauge eld theory gives out
classical Newton’s theory of gravity.
2. In rst order approximation and for vacuum, the gravitational gauge eld
theory gives out Einstein’s general theory of relativity.
3. Gravitational gauge eld theory is a renormalizable quantum theory.
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